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Abstract 

Certain scattering amplitudes in the gravitational sector of type II string theory 
on K3 x T 2 are found to be computed by correlation functions of the N = 4 topo- 
logical string. This analysis extends the already known results for K3 by Berkovits 
and Vafa, which correspond to six-dimensional terms in the effective action, involv- 
ing four Riemann tensors and 4g — 4 graviphotons, i? 4 T 4s_4 , at genus g. We find 
two additional classes of topological amplitudes that use the full internal SCFT of 
K3 x T 2 . One of these string amplitudes is mapped to a 1-loop contribution in the 
heterotic theory, and is studied explicitly. It corresponds to the four-dimensional 
term R 2 (<i(i<3?) 2 T 29_4 , with $ a Kaluza-Klein graviscalar from T 2 . Finally, the gen- 
eralization of the harmonicity relation for its moduli dependent coupling coefficient 
is obtained and shown to contain an anomaly, generalizing the holomorphic anomaly 
of the N = 2 topological partition function F g . 
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1 Introduction 



It is now known that certain physical superstring amplitudes corresponding to BPS-type 
couplings can be computed within a topological theory, obtained by twisting the underlying 
N = 2 superconformal field theory (SCFT) that describes the internal compactification 
space [HE1EI- The better studied example is the topological Calabi-Yau (CY) a-model 
describing N = 2 supersymmetric compactifications of type II string in four dimensions. 
Its partition function computes a series of higher derivative F-terms of the form W 2g , 
where W is the N = 2 Weyl superfield; its lowest component is the self-dual graviphoton 
field strength T + while its next upper bosonic component is the self-dual Riemann tensor, 
so that W 2g generates in particular the amplitude R 2 T 2g ~ 2 , receiving contributions only 
from the g- loop order [2|. The corresponding coupling coefficients F g are functions of the 
moduli that belong to N = 2 vector multiplets. Although naively these functions should 
be analytic, there is a holomorphic anomaly expressed by a differential equation providing 
a recursion relation for the non-analytic part [H El E] . 

The topological partition function has several physical applications. It provides the 
corrections to the entropy formula of N = 2 black holes |H1I3 El E]- Moreover, by applying 
the N — 1 involution that introduces boundaries along the a-cycles, one obtains a similar 
series of higher dimensional N = 1 F-terms involving powers of the gauge superfield W [10, 
[HJE]- In particular, (TrW 2 ) 2 gives rise to gaugino masses upon turning on expectation 
values for the D- auxiliary component, generated for instance by internal magnetic fields, 
or equivalently by D-branes at angles ^21 E3] ■ 

The N = 2 W 2g F-terms appear also in the heterotic string compactified in four di- 
mensions on K3 x T 2 . Under string duality, all F ff 's are generated already at one- loop 
order and can be explicitly computed in the appropriate perturbative limit ^UE3- This 
allows in particular the study of several properties, such as their exact behavior around 
the conifold singularity ( O EH El HH1 113 ED] ) • 

In this work, we perform a systematic study of N = 4 topological amplitudes, associ- 
ated to type II string compactifications on K3 x T 2 , or heterotic compactifications on T 6 . 
The N = 4 topological a- model on K3, describing the six-dimensional (6d) type II com- 
pactifications was studied in Refs. [2UE2]- Although in principle simpler than the N = 2 
case, in practice the analysis presents a serious complication due to the trivial vanishing 
of the corresponding partition function. 

The topological twist consists of redefining the energy momentum tensor Tb of the 
internal SCFT by Tb — hdJ, with J the U(l) current of the N = 2 subalgebra of N = 4. 
The conformal weights h are then shifted by the U(l) charges q according to h — > h — q/2. 
As a result, the N = 2 supercurrents G + and G~ , of U(l) charge q = +1 and q = — 1, 
acquire conformal dimensions one and two, respectively; G + becomes the BRST operator 
of the topological theory, while G~ plays the role of the reparametrization anti-ghost b 
used to be folded with the Beltrami differentials (when combined from left and right- 
moving sectors) and define the integration measure over the moduli space of the Riemann 
surface. Thus, the genus g partition function of the topological theory involves (3g — 3) G~ 
insertions. On the other hand, there is a U(l) background charge given by c(g — 1), with c 
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the central charge of the N = 2 SCFT before the topological twist. In the N = 2 case, the 
"critical" (complex) dimension is c = 3, corresponding to compactifications on a Calabi- 
Yau threefold, and the total charge of the (3g — 3) G~ insertions matches precisely with 
the required U(l) charge to give a non-vanishing result. In the N = 4 case however, the 
critical dimension is c = 2, corresponding to K3 compactifications, and the U(l) charge 
is not balanced. In Ref. [21], it was then proposed to consider correlation functions by 
adding (g — 1) (integrated) G + insertions, where G ± are the other two supercurrents of the 
N = 4 SCFT. 1 

It was also shown [21], using the Green-Schwarz (GS) formalism, that the above topo- 
logical correlation functions compute a particular class of higher derivative interactions in 
the 6d effective field theory of the form W+ 9 + , where W ++ is an N = 4 chiral superfield 
(N = 2 in six dimensions) containing a graviphoton field strength as lower component and 
the Riemann tensor as the next bosonic upper component. Moreover, an effective 6d self- 
duality is defined by projecting antisymmetric vector indices, say A^, using the Lorentz 
generators in the reduced (chiral) spinor representation (<J fJ-u ) a , with a, b = 1, . . .4. As a 
result, Wl% generates in particular an effective action term of the form i? 4 T 4ff 4 , receiv- 
ing contributions only from g-loop order. These terms can be covariantized in terms of 
the full SU(2) R-symmetry of the extended supersymmetry algebra and the correspond- 
ing coefficients were shown to satisfy a harmonicity relation, which is a generalization of 
the holomorphicity to the harmonic superspace and follows as a consequence of the BPS 
character of the effective action term integrated over half of the full N = 2 6d superspace. 

It turns out that upon string duality, these amplitudes are mapped on the heterotic 
side to contributions starting from genus g + 1, and thus they cannot be studied similar 
to the N = 2 4d couplings F g at one loop. In this work, we propose and study alternative 
definitions of the N = 4 topological amplitudes and their string theory interpretations, 
that avoid multiple point insertions and have tractable heterotic representations. 

Our starting point is to consider type II compactifications in four dimensions on K3xT 2 , 
associated to a SCFT which in addition to the N = 4 part of K3 has an N = 2 piece 
describing T 2 . Since the central charge is now c = 3, the U(l) charge of the (3g — 3) G~ 
insertions, with G~ being the sum of K3 and T 2 parts, defining the genus g topological 
partition function, balances the corresponding background charge deficit, avoiding the 
trivial vanishing of the critical case. However, the partition function still vanishes due to 
the N = 4 extended supersymmetry of K3. In order to obtain a non- vanishing result, one 
needs to add just two insertions. One possibility is to insert the (integrated) U(l) current 
of K3, Jk3, and the (integrated) U(l) current of T 2 , Jj>2\ 



where /j, a are the Beltrami differentials. Another possible definition of a non-trivial topo- 

^^Actually, an additional insertion of the (integrated) U(l) current J is required in order to obtain a 
non- vanishing result. 




(1.1) 
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logical quantity is 

/ (I I! ^W^'W V'WI'Wt* (1.2) 
a=l 

where J is part of the SU{2) currents of the N = 4 superconformal algebra (J , J, J ++ ), 
if) is the fermionic partner of the (complex) T 2 coordinate (J^2 = ^0), whose dimension 
is zero and charge +1 in the twisted theory, and z is an arbitrary point on the genus g 
Riemann surface. Furthermore g > 2 and a complete antisymmetrization of the Beltrami 
differentials is understood. It turns out that both definitions of the topological partition 
function correspond to actual physical string amplitudes in four dimensions. The former 
corresponds in particular to R 2 + R 2 _T^~ 2 , with the subscripts (— ) + denoting the (anti) 
self-dual part of the corresponding field strength 2 , while the latter corresponds to the term 
R 2 r (dd$> + ) 2 T+ 9 ~ 4 , where $ + is the complex graviscalar from the 6d 'self-dual' graviton 
with positive charge under the N = 2 U(l) current J^a; it corresponds to the Kahler class 
modulus of T 2 . Moreover, on the heterotic side, the first starts appearing at two loops for 
every g, while the second at one loop and can therefore be studied in a way similar to the 
N = 2 couplings Fg's. 

We also obtain the generalization of the harmonicity relation for the full SU(4) R- 
symmetry using known results of 4d N = 4 supersymmetry. The moduli in this case 
belong to vector multiplets and transform in the two-index antisymmetric representation 
of SU(A). Although we cannot check this relation on the type II side because it involves 
RR (Ramond-Ramond) field backgrounds, we can also derive it in the heterotic theory at 
the string level, where the whole SO (6) is manifest, for the minimal series that appears 
already at one loop. The resulting equation reveals the presence of an anomalous term, in 
analogy with the holomorphic anomaly of the N = 2 Fg's. 

The structure of this paper is the following. We start in Section El by a brief review of 
the N = 4 Superconformal Algebra and its topological twist. We then proceed with our 
strategy in finding topological amplitudes, depicted in Figure E From the known _R 4 T 4s ~ 4 
coupling of 4 gravitons and (Ag — 4) graviphotons on K3, we redo the computation (which 
was initially performed in |21j ) in Section El using the RNS formalism. In Section 0J we 
compactify two additional dimensions on a 2-torus and study various couplings of (2g — 2) 
graviphotons and a number of gravitons and Kaluza-Klein (KK) graviscalars $ from the 
four 6d Riemann tensors. In Sectional we consider further modifications by looking at an 
odd number of vertex insertions and modifying the genus of the corresponding world-sheet. 
In Section El we translate the type IIA scattering amplitudes to their duals in the heterotic 
theory compactified on T 4 and T 6 , respectively, and in Section [7| we explicitly compute one 
of them as a 1-loop amplitude. In Section |H1 we give a brief review of the holomorphicity 
of N = 2 Fg's and we present a qualitative derivation of the harmonicity relation for 
the topological amplitudes on K3. This allows us in Section E3 to generalize it in four 
dimensions for the new topological amplitudes on K3 x T 2 , by introducing appropriate 
"harmonic" -like variables that restore the <S7/(4) symmetry. Indeed, in Section we 

2 The ± subscript will be mostly dropped in the following, for notational simplicity. 
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Figure 1: Overview over the topological N = 4 amplitudes. R + (R-) denotes the (anti-) 
self-dual part of the Riemann tensor, T + the self-dual part of the graviphoton field strength 
and $ + ($_) stands for a graviscalar with one positive (negative) unit of ?7(l)-charge with 
respect to the current 



derive this relation on the heterotic side on T 6 and find also an anomaly arising from 
boundary terms. Finally, in Section ^2 we present our conclusions. Some basic material 
and part of our notation is presented in a number of appendices. Appendix [X] contains a 
representation of 7-matrices and Lorentz generators, while in Appendix [B] we define the 
notion of self-duality in six dimensions. Appendix contains the definition of ^-functions, 
prime forms and the Riemann vanishing theorem. In Appendix El we review the N = 4 
superconformal algebra for K3 orbifolds and K3 x T 2 . Finally, in Appendix H2 we present 
some new amplitudes with insertions of Neveu-Schwarz (NS) graviphotons. 



2 N = 4 Superconformal Algebra and its Topological Twist 

A detailed review can be found in Appendix El Here, we summarize the main expres- 
sions and properties of its generators, the algebra and the topological twist, that will be 
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used throughout this paper. The N = 4 algebra associated to type II compactifications 
on K3 involves besides the energy momentum tensor T^ 3 , two complex spin-3/2 super 
currents G^ 3 , G^ 3 (and their complex conjugates G]^ 3 , G ^- 3 ), and three spin-1 currents 
forming an £77(2) R-symmetry algebra J^ 3 , ^ s complex conjugate J^ 3 and Jk3- In this 
notation, the superscripts +/— count the units of charge with respect to the U(l) genera- 
tor J K3 , while the supercurrents form two SU(2) doublets (G^ 3 , G K3 ) and ( G ^ 3 , G^ 3 ). It 
follows that the non-trivial operator product expansions (OPE's) among them are: 

Jks(z)J^(0) ~ ±2^, ~ 

z z 

Jks(z)G% 3 (0) ~ ±^1, -W^tf)) ~ 

^3 WGL(O) ~ «(^)G«(0) ~ (2.1) 

r+ Mr+ ^ (0) , dJ++(o) ^- Mr - rm ^3(0) , ^ 3 (Q) 

G X3W G X3( ) ~ G K3^) G K3(°) + 1 • 

In the case of K3 x T 2 , the R-symmetry group of the N = 4 algebra is extended to 
SU(2) x U(l) and the above operators are supplemented by those referring to the torus: 
G ^2, G ^2 and J T 2 satisfying the non-trivial OPE's: 

J T .{z)G±M ~ ±^M, JtMG%, (0) ~ ±^iM, (2.2) 



G- 2 (z)GU0) - G T2 ( Z )GU0) - + ^W-^W . (2.3) 

Note that G + = G^ 3 + G^, 2 and J = J^ 3 + J r 2 are the supercurrent and the U(l) current 
of the N = 2 subalgebra, while T F = G + + G~ is the internal part of the N = 1 world-sheet 
supercurrent. 

In this work for simplicity we will consider only K3 orbifolds, but the final results will 
be true for generic 7^3. In the orbifold case, the N = 4 generators are given in terms of 
free fields. Starting with the ten real bosonic and fermionic space-time coordinates, Z M 



7 



X 1 - 


1 (7° 


i7 x \ 
— %/j J, 


tp — 




J) 


X 2 - 


1 (7 2 


— IZj ), 


■>l, 2 - 




% X )■> 


X = 






i 3 


1 f 4 




x 4 = 




-^Z 7 ), 






-^X 7 ), 


x 5 = 


> 8 






— (y 8 


-iX 9 )- 



and x M respectively, with M — 0, 1, ... 9, we introduce a (Euclidean) complex basis: 3 

(2.4) 
(2.5) 
(2.6) 
(2.7) 
(2.8) 

In our conventions, X 1,2 , X 3 and X 4,5 correspond to the (complex) coordinates of the 
non-compact 4d space-time, the 2-torus T 2 , and K3 orbifold, respectively. In this basis, 
the expressions of the N = 4 generators are: 

= ^4<9X 4 + t/> 5 <9X„ G£ 3 = -^p 5 dX 4 + ip 4 dX 5 , 

G K3 = V'4<9X 4 + 4> 5 dX 5 , G K3 = -^5<9Xt + ^4<9X 5 , 

Jl<3 = i>ii>i + ^5^5, Jr3 = ^4^5, J K 3 = ^4^5- (2.9) 

G+ = ^ 3 dX 3 , G+ = ^dX 3 , 

G T 2 = 4>3dX 3 , G T2 = 4> 3 dX 3 , 

J T2 =^3- (2.10) 

The topological twist is defined as usual by shifting the energy momentum tensor T B 
with (half of) the derivative of the U(l) current of the N = 2 subalgebra of the full N = 4 
SCFT: 

T B ^T B - l -8J. (2.11) 

As a result, the conformal dimensions h of the operators are shifted by (half of) their U(l) 
charges, h — > h — q/2. Thus, the new conformal weights are: 

dim[Cj 2 K3 \ = dim[G^ 2 K3 ] = 1, dim[G^, 2K3 \ = dim[G~ 2 ^ 3 ] = 2, 

dim[J++] = 0, dim[J— ] = 2, (2.12) 

dim[^] = 0, dim[^] = 1. 



3 In order to avoid confusion with the indices, we adopt the following convention: 

real space-time indices: n, v = 0, . . . , 5, 
complex space-time indices: A, B = 1, 1, 2, 2, 3, 3, 

where a bar means complex conjugation. 
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Moreover, the last of the OPE relations ()2.1|) and ()2.3|) is changed to: 



G-(z)G + {0) ~ G-{z)G + {0) ~ + (2.13) 

The physical Hilbert space of the topological theory is defined by the cohomology of the 
operators G + and G + , while G~ (or G~) can be used to define the integration measure over 
the Riemann surfaces. Thus, the physical states are all primary chiral states of the N = 2 
SCFT satisfying h = q/2, while antichiral fields are BRST exact and should decouple 
from physical amplitudes (in the absence of anomalies). Indeed, they can be written as 
contour integrals of G + and upon contour deformation and the OPE relation ()2.13)1 . one 
gets insertions of the energy momentum tensor Tb leading to total derivatives (see e.g. 

0)- 



3 Review of N = 4 Topological Amplitudes in 6 Dimensions 

In [21] g-loop scattering amplitudes of type II string theory compactified on K3 involv- 
ing four gravitons and (4g — 4) graviphotons were found to be topological by using the 
Green Schwarz formalism. The goal of this section is to repeat this computation using the 
RNS formalism for orbifold compactifications in 6 dimensions. 



3.1 The Supergravity Setup 

The superfield used to write down the 6-dimensional couplings is the following subsector 
of the 6d, N = 2 Weyl superfield 

(W a b f = (a^) a h T% + (Oa 6 (0X r 0i)^W + • • • . (3-1) 

with T the graviphoton field strength and -R^ pr the Riemann tensor in 6 dimensions. The 
space-time indices run over fi, u,p,r — 0, 1, 2, 3, 4, 5 and the spinor indices are Weyl of the 
same 6-dimensional chirality and take values a, b = 1, 2, 3, 4. For the SU(2)l x SU(2)r R- 
symmetry indices i,j, we will in most applications choose one special component (say % = 
j = 1 as in |21j ) and hence neglect them in the following for notational simplicity. Finally, 
the matrices (cr fiu ) a b are in the reduced spinor representation of the the 6-dimensional 
Lorentz group (for a precise definition and useful identities see Appendix IX]) . 

This multiplet has been formally introduced in ^21 a to reproduce the topological am- 
plitudes, and its full expression must contain additional fields of the 6d iV = 2 gravity 
multiplet, such as the two-form B^, which are not relevant for our analysis. Moreover in 
[2*T] . the superspace Lagrangian 

J d% J ^^(^ a /W a2 b W a3 6 W a4 b4 e aia2a3a4 e bl62f) 3 64 )3, (3.2) 

was considered, with 9\, R a special choice for the SU{2) L / R indices, and was shown using 
the GS formalism that correlation functions computed from these couplings are topological. 
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Note that the integral is extended only over half the superspace and thus corresponds to 
an iV = 4 F-type (BPS) term. 4 

In order to repeat the computation of |2Tj in the RNS formalism the precise knowledge 
of the helicities and kinematics of the involved fields is essential. As far as the gravitons 
are concerned they can easily be extracted by considering the case g = 1 and performing 
the superspace integrations (we take the lowest component of pf"^ which is just a function 
of moduli scalars) 

— / \ b \ I p,2V2\ b2( fj, 3 l>3\ 63/ fl4U4\ t>4 01020304 did2d3d4 

\ u Jai V u /CL2 \ u /C23 \ JO-4 C t 6l02b3fe4 C ClC2C3C4 t 

(a PlTl )j Cl (a P2T2 )j C2 (a P3T3 )^ C3 (a P4T4 )j C4 ■ R R R R 

\ U )di \ u )d 2 \ u )d 3 \ u )d 4 lx 'P\V\P\T\ 1 '-p 2 U 2 p 2 T 2 1 ^p3V3p3T3 1 ^p^V^p^T^- 

(3.3) 

The antisymmetrization identity 

d 1 d2d 3 d4 _ xl d i xd 2 sd 3 ^4] (O A\ 

tciC2C 3 C4 e — °[ci C2 C3 c 4 ] ' 

finally leads to contractions of cr-matrices of the form 

= 24 [tr(a plTl a p2T2 ) tr(a p3T3 a p4T4 ) - tr(a plTl a p2T2 a p3T3 a p4T4 ) - tr(a p4T4 a p3T3 a p2T2 a plT1 ) + 
+tr(a plTl a p3T3 ) tr(a p2T2 a p4T4 ) - tr(a plTl a p3T3 a p2T2 a p4T4 ) - tr(a p4T4 a P2T2 a p3T3 a plTl ) + 

+tr(a plTl a p4T4 ) tr(a p3T3 a p2T2 ) - ti(a plTl a p4T4 a p3T3 a p2T2 ) - tr((J P2T2 a P3T3 a P4T4 a PlTl )]■ 
t ~PlVl\ ^l rr P.2V2\ b 2 / u 3 l/ 3 \ 03/_/i4^4\ b 4 , 01020314 

■V 7 M {(? )a 2 {Cr^ J03 {<? J04 e6i6 2 63fe 4 e 

' Rfl \V\p\T\ V2P2T2^P3y3p3T3,RpAUApAT4- (3-5) 

Using the relations ()A.4j) and ()A.5j) of Appendix El this may also be written in terms of 
the full Lorentz generators S, as: 

= 24[4 tr(£ pin £ p2T2 ) tr(£ p3T3 £ p4T4 ) - tr(£ plTl £ p2T2 £ p3T3 £ p4T4 ) + 
+4 tr(S plTl S P3T3 ) tr(S p2T2 S p4T4 ) - tr(£ plTl £ p3T3 £ P2T2 £ p4T4 ) + 
+4 tr(S pin S p4T4 ) tr(S p3T3 S p2T2 ) - tr(£ plTl £ p4T4 £ p3r3 £ p27 " 2 )] • 
•(^^V^^V^kV^k' 4 e blb2b3b4 e a ^ 2a3a4 - 

'RpiV\p\T\Rp2V2P2T2Rp-3V3p3T3RpAUAp4T4- (^-6) 

Defining the trace over the self-dual 5 part of the Riemann tensor in 6 dimensions as (for 
an analog see for example |23j) 

frR 4 — R R R R tr (YP-IV1YP2V2YP3V3YP4V4\ . 

ulJl + 1 L pi UipiTi 1 h p2V2p2T2 1 L P3V3P3T3 1 L p,4V4p4T4 L1 £-1 Z-i J 

.(a Pl ^)ai bl (^ 2r2 )o 2 fe2 (^ 3r3 )o3 fe3 (^ 4T4 )a4 b4 e aia2a3a4 e b i 02b 3 fe 4, (3-7) 

(t r f?2\2_ p p p p tr (-yMi^yf2"2U r |'V'M3l / 3y]/i4^4N . 

^L1JL_|_J - iL A t l^lPlTi Jl '/i2l y 2P2T2-"'A t 3^3P3T3- il 'A t 4^4P4T4 ljl V^ 1 ^ ) bL ^ J 

•(a Pl7l ) ai bl ( C T P272 ) a2 62 (a P3T3 ) a 3 fe3 (a P4T4 ) a4 b4 e aia2a3a4 e bl02b3fe4 , (3.8) 



In this paper, we count supersymmetries in 4 dimensions, unless otherwise stated. 
5 For a more detailed view on the definition of generalized self duality in 6 dimensions, see Appendix iBl 
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the result of the superspace integration can be written as 

J dX J ^^ 6 W fl2 fc W a3 6 W a4 \ 8lfl2fl3a * eM2M4 = 24 (4(tri? 2 ) 2 - tiR%) . (3.9) 

In order to uncover the index structure of the Riemann tensors involved in these traces, 
we use the complex basis for the bosonic and fermionic coordinates ()2.4j) - (j2.8j) . With these 
definitions, eq. ()3.9|) becomes 

l(4(tr^) 2 -tri?t) = 

32(-Ri 2 i2-Ri212-Rl212-Rl212 + -^1313-^1313-^1313-^1313 + -^2323-^2323-^2323-^2323) + 
+2(-Rl313-Rl313-Rl212-Rl212 + -^1212-^1212-^1313-^1313 + -^2323-^1212-^2323-^1212+ 
+-^2323-^1313-^2323-^1313 + -^1313-^2323-^1313-^2323 + -^1212-^1212-^2323-^2323) + 

+ ..., (3.10) 

where the dots indicate terms where the two pairs of indices are not the same. Two 
examples for such terms are 

-^2312-^1212-^2312-^1212; (3-H) 



or 



-R1223-R1223-R1223-R12235 (3-12) 

and will be neglected, since they do not lead to any different results (see for example 
Appendix lEl for a later application). 

3.2 Computation of the Scattering Amplitude 
3.2.1 Basic Tools 



The analysis of the superspace expression ()3.2|) entails computing a scattering amplitude 
on a compact genus g Riemann surface with the insertion of 4 gravitons with helicities 
corresponding to one of the terms of eq. ()3.1()|) . and (4g — 4) graviphotons (see Figure EJ). 

We choose the gravitons to be inserted in the 0-ghost picture and the graviphotons in 
the (— l/2)-ghost picture. Therefore, the graviton vertex is given by 

V®(p, h) =: V (dZ» + ip ■ xx") (dZT + ip ■ XX V ) e tp - Z :, (3.13) 

with the convention, that a tilde denotes a field from the right-moving sector. Furthermore, 
h^ u is symmetric, traceless and obeys p^h^ = 0. The graviphoton is a RR state and its 
vertex reads 

V±- 1/2 \p, e) =: e-ifc+flp^ \s a {a^) a b S b SS + Sa(a^)\S h Ss] e ip ' z :, (3.14) 
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where the polarization fulfills p ■ e = 0. (p is a free 2d scalar bosonizing the super-ghost 
system, S a and Sa are (6- dimensional) space-time spin-fields of opposite chirality and S 
is a spin-field of the internal N = 4 sector (and S its right-moving counterpart). In the 
present case of chiral graviphotons, only the first term in (|3.14|) is taken into account (see 
also Appendix iBl in this respect). 

Counting the charges of the super-ghost system, there is a surplus of —(2g—2) which has 
to be canceled by inserting (2g — 2) picture changing operators (PCO) at random points of 
the surface. Another (2g — 2) insertions are due to the integration of super-moduli making 
a total of (Ag - 4) PCOs. 

The first question is, which spin fields to choose for the graviphotons and which parts 
of the PCO to contract them with. For the moment we only discuss the left-moving 
sector, since the right movers follow exactly in the same way. Concerning the internal part 
we adopt the approach of [2U 122] arid choose all graviphotons to have the same internal 
spin-field, namely 

$ = e i(04+</>5) ; ( 315 ) 

where <pj bosonize the fermionic coordinates ipj defined in eqs. (J2.4J) - ()2.8|) . if>j = e 1 ^ 1 . This 
creates a charge surplus of (2g — 2) in the 4 and 5 plane which can only be balanced by 
the picture changing operators. In other words we have (2g — 2) PCO contributing 

eVe-t'dXi, (3.16) 

and another (2g — 2) providing 6 

eVe-^dXs. (3.17) 

Finally we are left to deal with the space-time part and since we are considering chiral 
6 An antisymmetric sum over all insertions is implicitly assumed. 
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graviphotons, the following spin-fields are possible 

S x = e$fa+**+**) } (3.18) 

5 2 = e i^-<h-<h) t (3.19) 

5 3 = eit^+^-W, (3.20) 

5 4 = e |(-*i-fc+te). (3.21) 

Let us assume that a« graviphotons are inserted with the spin field Si, where the a« are 
subject to the set of linear equations 

a,\ + a 2 — a 3 — a 4 = 0, 
ai — a-2 + 03 — 04 = 0, 
Qi — &2 — ^3 + a-4 = 0, 
ax + a 2 + a 3 + a 4 = 4g - 4, 

which reflect the constraints of charge cancellation in each of the three planes and the 
fact that there is a total of (Ag — 4) graviphotons. The unique solution of this system is 

Ol = a 2 — ^3 = a 4 — 9 — 1- 

Summarizing, until now we have inserted the following fields, where the columns (pi 
denote the charges of the given field with respect to the various planes 



insertion 


number 


position 


01 


02 


03 


04 


05 


graviphoton 


9-1 






+ 1 


+ 1 


+ 1 


+ 1 




9-1 


Vi 


+\ 


1 
2 


1 

2 


+ 1 


+ 1 




9-1 


Ui 


i 

2 


+ 1 


1 

2 


+ 1 


+ 1 




9-1 




1 

2 


1 
2 


+ 1 


+ 1 


+ 2- 


PCO 


2g-2 













-1 







2g-2 


{^ 2 } 














-1 



and {s^ stands for a collection of (apriori arbitrary) points on the Riemann surface. 

In order to completely determine the amplitude still the graviton helicities are missing. 
To this end, one has to pick one of the terms in ()3.10j) . Since most of them are related by 
simply exchanging two planes, it suffices to look at two generic cases: 

Of course there would still be the possibility of leaving a surplus charge from the graviphotons, which 
is then canceled by the graviton insertions. However these amplitudes would stem from terms of the form 
(TRT) 4 T i9 ~ 12 in the effective action which also arise when performing the full superspace integration in 
and we will thus neglect them in the remainder of the paper. 
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3.2.2 Graviton Combination I 



When focusing on the fermionic part of the vertex operator in (|3.13jl . one possible setup 
of charges is (only the left-moving part is displayed): 



insertion 


number 


position 


01 


02 


03 


04 


05 


graviton 


1 


Z\ 





+ 1 


+ 1 










1 


Z 2 


+1 


-1 













1 


Z3 





+ 1 


-1 










1 


Zi 


-1 


-1 












The correlation function can now be written in the form 8 

9-1 9-1 



i=l i=\ 

■ J] e-¥ e |(-^+^-03+^+05) (u .) JJ 



' 11 ' -"■-•-^.i-r"'-!-"-. ! 

i=l 
9-1 

»,.! J f 

1 1=1 



fa)- 



{Sl} {S2} 

[J e^e-^dX 4 (r a ) J] e^e^dX^)). 



(*)• 



(3.22) 



Computing all possible contractions for a fixed spin structure, the result for the amplitude 
is 



^(2 St=l ( X i + 1/i _ W i _ v <) + Z 2 ~ Z ±) 



Mi ?£}{xi + Vi + u i + Vi) - ES 4 r a + 2A) n?<ti # ('«> rfc) 



gg(| Ef=l ( X i -Vi + Uj- Vj) +z x ~ z 2 + z 3 - z A )d s {\ Y^Zl (Xi -Vi-Ui + Vi) +zi- z 3 ) 
nflj E(x, h z 4 )E(yi, z{)E(u h z 2 )E{v h z 3 )E(z 1 , z 2 )E(z 1 , z A )E(z 2 , z 3 )E(z 3 , z 4 ) 

( 1 9-1 W \ I l 9-1 {«2} \ 

- y^x x i +Vi+Ui+ v { ) - ^ r a j ^ 5)S i - + yi + Mi + - ^2 r a ] ■ 
i=l a I \ i=l a J 



9-1 



9-1 



{*i} 



Y\ a(xi)a(yi)a(ui)a(vi) E(x i; Xj)E(y u yj)E{u h Uj)E(v h Vj) E(r a , r b )- 

i=l i<j a<b 

{ s 2} 9-1 { s 2} 

II £( r - r &) II z 2)E(u h z 3 )E(v u z 4 ) JI <9X 4 (r a ) n <9X 5 (r a ). 

a<6 j=l a a 



8 In the following, we drop ^-dependent overall factors, which can be easily restored as in Ref. 
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Here i?/, /jS stands for the Jacobi theta-function (21] with the spin structure s and twist hi, 
E(x,y) is the prime form, a is the ^-differential with no zeros or poles and A stands for 
the Riemann theta constant (see also Appendix [0]) • We should also mention again, that in 
this computation (and also throughout the paper), phase factors and numerical constants 
of the amplitude, as well as factors of the chiral determinant Z\ of the (1, 0) system are 
dropped. The latter can most easily be restored by comparing with the N = 2 case at any 
intermediate step [2] and disappear completely in the final result. 

In order to simplify the expression the apriori arbitrary PCO insertion points r a are 
fixed in the following way 9 

ff-l 9-1 4 9 -4 

- ^(xi + yi-Ui-Vi) + 2fe - z 4 = - ^(xi + yi + Ui + Vi) - ^ r a + 2A 

i=l i=l a=l 

4 9 -4 s-l 

=> Yl r ° = J2( Ui + u *) ~ Z2 + Zi + 2A > ( 3 - 23 ) 

a=l i=l 

which results in a cancellation of one ^-function in the numerator against the one in the 
denominator. The next step is the sum over the different spin structures, for which the 
relevant terms are the four remaining ^-functions: 



®\ 2 ~ Vi + Ui ~~ + Zl ~ z<1 + 23 ~ Za ) ® s \ 2 ^2 



(Xi -Ui-Ui + Vi) + zi- z 3 



r) 



h,4,s I 



1 9-1 \ / 1 9-1 W . 

?^2( X i + Vi + U i + V i) ~X/ a ^h 5 ,s[ n + Vi + U i + V i) ~ ^ r " ( 3 ' 24 ) 



8=1 a J \ i=l 



To this end, the Riemann identity is used (see Appendix IC. 2)1 . In the special case of (IH.24j) 
the summed arguments read respectively 

• T ++++ : 

9-1 j 9-1 j j 4 9 -4 9 -l 

J]] Xi + 2 + + Zl ~ 2 ^ 2 + ^ ~~ 2 5^ ra = 5^ Xi + Zl ~ Zi ~ A ' 

i=l j=l a=l i=l 

9-1 j 9-1 j ^ 49-4 9-1 

J^J/i + 9 + u *) ~ Zl + 2 ^ 2 + ^ ~~ 9 ^ ra = S yi ~~ 2:1 + ^ 2 ~~ A ' 

i=l i=l a=l i=l 



J In the remainder of this section we will refer to this 'choice' as the 'gauge choice' or 'gauge condition' 
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-iE(— )-* + i(* + *.) + iE-.-5E- 

i=l a a 

{si} 9-1 
= ^ r a - ^ + Z 2 - Z 3 - A, 
a=l i=l 



9-1 W} n {sfi} 

-i£<«.-«. )-* + i(* + *)-iE'.4E- = 

i=l a a 

{s 2 } g-1 
= ^ T a - ' S ^ j Uj + Z 2 - Z 3 - A, 
a=l i=l 

where the gauge condition ()3.23j) was also used. With the further relation 10 h A + /i 5 = 0, 
the correlation function takes the form 

^(ed) = ^E?=i x i + z 1 -z A - A) ^(Ef=i Vi-zi + z 2 - A) 

9 " n?<6=i E{r a , r b ) nlif ° 2 (r a ) U 9 3 =l Efa, z 4 )E( Vl , z x )E{u h z 2 )E(v t , z 3 ) ' 

^ h ,(Et! Ta - gg U l + Z 2 ~Z 3 - A) ^,(ES ^ - gg ^ + *2 - ^3 ~ A) 

E(zi, z 2 )E(z 1 , z A )E(z 2 , z 3 )E(z 3 , z 4 ) 

9-1 i s l} ( s 2} g-1 

• Y\ (T(xi)cr(yi)cr(ui)a(vi) #(r , r b ) £?(r , r 6 ) E(x h x j )E(y u yj)E(ui, Uj)E(v u v 5 )- 

i=l a<b a<b i<j 

9-1 {si} { s ?} 

■ 11 E{x h Zl )E{y u z 2 )E( Ul , z 3 )E( Vi , z A ) J] dX A {r a ) J] dX b {r a ). (3.25) 

i=l a a 

Now we can in two occasions use the so-called bosonization formulas [25J to write 

* nSCi^l wi) § Xi) § E{x " Zl) 8 ^ Wzi) = 

= Zidet^(xi, x 2 , • • • , zi), (3.26) 



^£L^L±i^) g ^ w) g ^ Z2) g 



ZidetWid/i, ?/2, • • • , 2/ a -i, za), (3.27) 



10 Thc fact that the sum over all twists vanishes is a consequence of space-time supersymmetry. 
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where oj are the abelian 1-differentials, of which there are g on a compact Riemann surface 
of genus g. With the help of the gauge condition ()3.23|) and upon multiplying ()3.25|) with 

also a third time the bosonization identity can be used 



= Zidetu i (v 1 ,v 2 , • • • , v g -i, za). (3.29) 
Taking into account all these identities and plugging them in ()3.25j) . we obtain the result: 
Tf A) = 

_ 0-fc*(EH r a - Etl u i + z 2 -z 3 - A) ^(ZH r a - u l + z 2 -z 3 - a) 



<E?=i 4 r a - EG u l + z 2 -z 3 - 3A) n?<ti ^(r., ^) Ilfi * 2 (r a ) 

r-1 



nc; "(ui) nS ^ nS i) nS 



if 

p-l {si} {s 2 } 



]l?=i E ( u ii z 2 )E(z 2 , z 3 )a(z 2 ) 

{S2} 

■ Y\ E(ui, z 3 ) Y\ dX 4 (r a ) Y\ dX 5 (r a ) ■ detc^x;, Zi)detui(y, h z 2 )detui(vi, z 4 ). 



=1 



With the help of further identities of [22], this can be rewritten in terms of correlation 
functions of the following kind 



(ni Sl} ^(r a )^ 4 (^)nf=i ^4(^)^4(^3)) ■ (Ui S2 H 5 (r a )^(z 2 )Uti^)U^)) 

(Uti-i 4 Kra)b(z 2 )U!:lc(u t )c(^) 

{«} {S2} 

■ Y\ dX 4 (r a ) Y\ dX 5 (r a ) detu^Xj, zi)detLUi(yi, z 2 )detui(vi, z 4 ), (3.30) 



where the following relations were used 

^ 4 (Ei Sl} r a - Egj u i + z 2 -z 3 - A) nS E(r a , n) U t<1 E(u t , Uj ) Ui^ E(r a , z 2 ) 
U a ,i E (r a , m) U { a Sl} E(r a , z 3 ) fig E(u u z 2 )E(z 2 , z 3 ) f[g cr( Ul )a(^) 

3-1 {>l} Wl 9-1 

• JjE(Mi,Z 3 ) Yl (?{ra)<?{z 2 ) = (JJ ^4(^)^4(^2) Yl ^4(^)^(2:3)), 
i=l a a i=l 
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together with a similar definition for the correlator of ^5 and 

<E^ 4 r a - gg **i + *2 - *3 - 3A) nl 9 <; 4 gfro; rt) Ui<j «j) rfc 4 gfro, * 2 ) 

3-1 4 9 -4 4 9 -4 3-I 

•IJ^Kza) J] <r 3 (r> 3 (z 2 ) = (II 6 W 6 (^II C («*) C W>- 

2=1 a a=l i=l 

Rewriting the expression ()3.30|) using the operators of the N = 4 superconformal algebra 
described in Sectional one finds 

= ^^^r^ 11 ^ ^ ( g ^ ) ^. ( 7 ) ^ (g3)> • detu^, *i)d«Mtt, , 2 )detc^, 

(lla=l b ( r a)b{z 2 ) lliLl C (*0 C (^)) 

In the next step, using the fact that the gauge condition ()3.23|) still allows the freedom 
to move g PCO points, we let the positions of (g — 1) of the PCO's collapse with the itj 
and another one with z 3 , which with the help of the OPE's in Section El and Appendix 
[D] yields (5^ 3 (the fact that there is no singularity in this procedure owes to the be ghost 
system correlator in the denominator): 

(1L=1 K r a)H Z 2)) 

(3.31) 

This amplitude is to be multiplied by the (3g — 3) Beltrami differentials folded with the b 
ghosts to provide the correct measure for the integration over the genus g moduli space. 
Note that the ratio of the correlators appearing in (|3.31j) is independent of the (3g — 3) 
positions r a and z%. These positions can therefore be transmuted to the positions of the 
operators b that are folded with the Beltrami differentials; the correlation functions of the 
latter then cancel with the denominator of (|3.31|) . Including now the right-moving sector, 
we can integrate out the graviton and graviphoton insertion points giving finally 

p 3g-4 g 

^ 6d) = / (I FI G kM J kz (^3 S -3)| 2 / II I^a-sI 2 ) • (det(Imr)) 3 , (3.32) 

where it is understood that the Beltrami differentials are totally anti-symmetrized and 
the absolute square indicates, that also the right moving contributions have been restored. 
The additional factor of (det(Imr)) 3 cancels exactly the zero- mode contribution of the 
space-time bosons and the remaining expression is topological and exactly the same as in 
|2*T] (equation (2.15)). Actually, by writing one of G +, s as the contour integral G~^ 3 (zs) = 
§ G~^- 3 Jk3(z 3 ) (see OPE's ()2.1|) and weights ()2.12|1 ) and pulling off the contour integral, it 
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can only encircle J K3 which converts it to G K3 . Equation (|3.32|) can then be expressed in 
a more symmetric form: 



^ A) =S M (iff^3(^i 2 /rji^ 3 r/ \* 



l\3\ 2 )int, (3.33) 



where the subscript 'intf means that the correlator is restricted to the internal (K3) part. 
3.2.3 Graviton Combination II 



The other graviton combination different from the one considered previously in Section l3.2.2l 
is given by 



insertion 


number 


position 


01 


02 


03 


04 


05 


graviton 


1 


Z\ 


+ 1 


+ 1 













1 


Z2 


+ 1 


-1 













1 


Z3 


-1 


+ 1 













1 


Z A 


-1 


-1 












The amplitude can now be expressed as 

9-1 



n 



9-1 

1=1 
9-1 

- -!—,-' • ; +. »r,.| , „ p -f ^(-01-02+03+04+05)/ 



_ ^ J^e"2 gf (01+02+03+04+05) I I e -f e f (01-02-03+04+05)^ 

1=1 
9-1 



g 2 g 2 V Vi. ' ft -TO I V* I 1- a '[Ui) ( -<"- '' " ' *"*•"('', 

1=1 1=1 

.^(01+02)^^ . e ^-*2)( % ) . e i( -* 1+ * 2) (^ 3 ) • e- Wl+ * 2) (2 4 ) 



{si} { S2 } 

H e*e-^dX 4 (r a ) J] e^-^9X 5 (r a )). 



(3.34) 
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Going through similar steps as in the previous case, the result after performing the spin- 
structure sum is 



^(gg r a - gjg u t -z 3 + z 2 - A) fl.^ES r a - U=l ^ - z 3 + z 2 - a) 

" <eS? r a - ^ - * 3 + - 3A) n?<ti ^ ^ n£? ^) 
n£i ^ rfc? ^ rb) nS g^, rj ng gK, 

nj=i ^( M *> z 2)E(z 2 , z 3 )cr(z 2 ) 

3-1 {>l} { s 2> 

• JJ z 3 ) JJ <9X 4 (r a ) <9X 5 (r a ) det^(xi, zi)det^(?/;, z 2 )deta; i (u i , z 4 ) 

i=l a a 

Note, that this is exactly the same expression as (|3.30jl . such that the final answer can 
immediately be written down 

^ d) = / (i n g kM) j ™ (^-3)r / n i^»i a w (s-ss) 



Thus, we conclude that both generic helicity combinations of the superfield expression in 
()3.2|) lead to the same topological result, which is in perfect agreement with [2*T] . 

4 Type IIA on K3 x T 2 

After having established the results of [21] in the RNS formalism, the question arises 
whether similar topological amplitudes can be found for N = 4 supersymmetry in 4 di- 
mensions as well. Our basic strategy in approaching this question will be to toroidally 
compactify two additional dimensions and study again couplings on a compact genus g 
Riemann surface. A major difference compared to the above cases is that in addition to 
the 4-dimensional gravity multiplet there are additional Kaluza-Klein fields which can take 
part in the scattering process. 

The easiest way to start out is to begin with the 6-dimensional graviton insertions 
of (j3.1()j) . compactify one additional plane and supplement the arising fields with (2g — 2) 
graviphotons from the 4-dimensional Weyl multiplet. Note, that now we consider a coupling 
proportional to T+ J ~ 2 instead of T+ 9 ~ 4 . This is because of the cancellation of U(l) charge, 
which is similar the the critical case of N = 2 F g : s, as explained in the Introduction. 
Moreover, if we started with a T + 9 ~ coupling in 4 dimensions, there would be an additional 
factor of det(Imr) not being canceled by the space-time bosons, that would spoil the 
topological nature of the resulting amplitude. Considering only the case that the left- 
moving sector is symmetric to the right-moving one there are 3 apriori different cases to 
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analyze: 11 

• all of the 6- dimensional gravitons remain gravitons in the 4-dimensional amplitude 

• 2 out of 4 gravitons get converted into graviscalars in the process of compactification 

• all gravitons become graviscalars 

Here by graviscalars we mean the moduli insertions corresponding to either the complex 
structure U or the Kahler modulus T of the torus T 2 . 

In the following we will show that all three cases lead to the same topological expres- 
sion. The result remains the same even if we replace graviscalar insertions with NS KK 
graviphotons that we present in Appendix El A brief review of some basic tools which 
will be needed throughout the computation, namely the N = 4 superconformal algebra for 
compactification on K3 x T 2 and its topological twist, is given in Section 121 



4.1 4 Graviton Case 

We study the graviton setup of Section 13.2.31 but regard the 3rd plane as the additionally 
compactified torus. Since we have now only (2g — 2) graviphoton insertions in the (—1/2)- 
ghost picture, the number of PCO has also diminished to (3g — 3). The way to distribute 
the charges of the graviphotons and PCO is 



insertion 


number 


position 


01 


02 


03 


04 


05 


graviphoton 


9-1 


Xi 


+ \ 


+ 2- 


+\ 


+ \ 


+ 1 




9-1 


Vi 


1 

2 


1 
2 


+\ 


+ \ 


+ 1 


PCO 


9-1 


M 








-1 










9-1 


M 











-1 







9-1 


M 














-1 



The amplitude in this setup is given by 12 

i=i i=i 

{>3} {S4> {s 5 } 

■ J] efe-^dXM J] eVe-^dX^Ta) \{ e^e-^dX 5 (r a )), 



11 For some remarks concerning asymmetric distributions of the left- and right-moving sector see Ap- 
pendix El 

12 As before, only the left-moving part is considered. Furthermore, we introduce the superscript (1) to 
distinguish this expression from others that will be computed in subsequent sections of the paper. 
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which, after performing the contractions and the spin structure sum, together with some 
manipulations, using the gauge choice 

3g-3 g-i 

^2r a = ^2 yi - Zl - z 2 + z 3 + z 4 + 2A, (4.1) 

a=l i=l 

reads: 

Ti x) = (U { a S3} *kdX 3 (r a )Mz 2 )Mc<)) ■ (nl S4 ' S5} G K3 (r a )J K3 (z 2 )J+t(z3)} 

(nr 3 b(r a )b(z 2 )c(z 3 )) 
■ detu;^, z^deto;^^, z 4 ), 

where a is an arbitrary position on the Riemann surface and 

$(Z { a S3} r a + z 2 -z 3 - A) nS E(r a , r b ) E(r a , z 2 ) Ui^ cr(r a )a(z 2 ) 

U i a S3} E(r a ,z 3 )E(z 2 ,z 3 )a(z ;i ) 

{«s} _ 

= {\{^{r a )i, 3 {z 2 )^ 3 {a)). 

a 

Now one may collapse one of the r a (for simplicity the last one r 3g _ 3 is chosen) with 
z 3 . The resulting expression is: 



9 ~ (UT 4 b(r a )b(z 2 )) 
■ deto^Zj, zi)deta; i (y i , z 4 ). 

This can also be written as (for simplicity we consider a = z 2 

( 3g-4 ^ 

~(YlT*Kr a )b{z 2 )) 



One can easily check that the first term in the above expression does not contain any 
poles with no n- vanishing residue. One can therefore transport all G~ and the to the 
Beltrami differentials as before and including the right-moving sector and the integration 
over Xi, i/i, Z\ and z 4 , one finds: 

T f = j M <l ft G ~(^)&^)\ 2 J \GUz 3 )\ 2 J |V>3^ 2 )| 2 W (4.2) 

where anti-symmetrization of all the (3g — 3) Beltrami differentials is understood. 
Compared to the results of Section 13 .2\ we note the following formal 13 differences 

13 The comparison between (I3.32|l and 14. 2|) is only formal because the operators involved are from 
different superconformal algebras. 
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• the g insertions of J G~^ 3 have been reduced to only one, which is due to the reduced 
number of graviphotons present in the new amplitude. Note that the G~'s above are 
given by the sum of the corresponding operators in K3 (G^ 3 ) and the ones in T 2 
(G^ 2 )- The only non-zero contribution comes from terms where (g — 1) of them come 
from the T 2 part, which together with = ^3^3 soak all the g zero modes of the 
1-differential ^3 and one zero mode of the zero-differential ips in the twisted theory. 
The remaining (2g — 4) G~ come from K3 and together with J^ 3 precisely account 
for the U(l) charge anomaly (2g — 2) of the twisted K3 SCFT. 

• the power of det(Imr) coming from the integration of Xi, z\ and z^ has changed 
from 3 to 2, exactly canceling the zero mode contribution of the space-time bosons 
which is now 4-dimensional as compared to 6-dimensional in Section 13.21 

By writing G~^ 3 (z 3 ) = § G^ 3 ^3(^3) and pulling off the contour integral which only con- 
verts J^g to Gj C3 , equation ()4.2j) can be expressed in a more symmetric form: 

*f = j M (I II G~^a)\ 2 j \JUZ3)? J \J T <Z 2 )\ 2 ) int , (4.3) 

that can be compared to eq. (j3.33J) of the 6d case. 



4.2 2 Graviton - 2 Scalar Case 

We study the graviton setup of Section 13. 2. 21 and again compactify the 3rd plane to a torus. 
Besides that, we keep the rest of the setup as in Section |4~T1 



insertion 


number 


position 


0i 


02 


03 


04 


05 


graviton 


1 


Zl 





+1 


+1 










1 


z 2 


+1 


-1 













1 


Z3 





+1 


-1 










1 


Z4 


-1 


-1 











graviphoton 


9-1 




+\ 


+1 


+\ 


+\ 


+1 




9-1 


y% 


1 

2 


1 

2 




+\ 


+1 


PCO 


9-1 


M 








-1 










9-1 













-1 







9-1 


M 














-1 
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In this setup, the amplitude takes the form 



i-i 



i=i 



9-1 



n 

i=l 



{s 3 } {S4} {s 5 } 



(4.4) 



Since the calculations are quite similar to the case just discussed, we restrain from reporting 
the details of the computation, but content ourselves by writing down the final result: 



39-4 

= i (i n G ~(/o«/^- 3 )i 2 / \Gu*w i im*)?)** 



M 



9 a=l 
39-3 



/ (I II G-(Va)\ 2 [ \J K ,{Z,)\ 2 [ \J T *(Z 2 ) 

JM g a=1 J J 



lint- 



(4.5) 



4.3 4 Scalar Case 

Finally, the 4 graviscalar case is obtained from the 4 graviton configuration of Section 
14. 1| by exchanging one of the space-time planes with the one of the internal tori for the 
configuration in 13.2.31 The setup of charges is hence as follows: 



insertion 


number 


position 


01 


02 


03 


04 


05 


graviton 


1 


Z\ 





+1 


+1 










1 







+1 


-1 










1 


z 3 





-1 


+1 










1 


Z A 





-1 


-1 








graviphoton 


9-1 




+1 


+1 


+ 2- 


+ 2- 


+1 




9-1 


Vi 


1 

2 


1 

2 


+ 1 


+§ 


+1 


PCO 


9-1 










-1 










9-1 


M 











-1 







9-1 
















-1 



14i 



We use the same symbol Jg , since we find that this amplitude is actually identical to 1)4. .'?[! . 
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The corresponding amplitude reads 



9 



(1) 




1=1 i=l 





a 



a 



a 



which, by similar steps as before, is reduced to the same expression as in eq. ()4.5|) . 
4.4 Comparison of the Results 

Comparing the final results of Sections 14. H 14.21 and 14.31 one encounters that indeed all 
three are the same. This implies, that the topological amplitude does not depend on the 
precise details of the field content which is considered, but is only related to more general 
structures such as the compactification and the number of inserted fields. It therefore 
seems an interesting question, whether one can find different topological expressions if one 
varies some of these main properties of the amplitude. This question will be studied in the 
next section. 

5 Different Correlators 

The simplest way to find different correlators than the above ones is to consider different 
numbers of vertex insertions. The two feasible options are: 

• changing the number of scalar and graviton insertions to 3: As we will demonstrate, 
although this will lead to a new topological expression one can show that it is iden- 
tically vanishing. 

• changing the number of graviphotons: Since a change in the number of graviphoton 
insertions implies (via the balancing of the super-ghost charges) also a change in the 
number of PCO insertions, it is more convenient to consider just a different loop 
order, instead of altering the number of fields; we will be more precise below. 

We will exploit both possibilities in this section. 
5.1 1 Graviton - 2 Scalar Amplitude 

Tampering with the number of scalar and graviton insertions raises the main problem of 
how to cancel the charges in the space-time part of the amplitude. One setup, which makes 
this possible is the following 
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insertion 


number 


position 


01 


02 


03 


04 


05 


graviton 


1 


Zl 


+ 1 


+1 











graviscalar 


1 


Z2 


— 1 





+1 










1 


Z-\ 





-1 


-1 










n — 1 

9 1 


nr> . 


+1 


+ 2 


+1 

+ 2 


+1 

+ 2 


+ 2 




9-1 


Vi 


1 

_ 2 


1 

~~ 2 


+ 1 




+1 


PCO 


9-1 


M 








-1 










9-1 


M 











-1 







9-1 


M 














-1 



Although all such amplitudes turn out to vanish, we still present here the computation for 
pedagogical reasons, showing in particular in a concrete example the gauge independence 
of gauge choice for the PCO positions. The amplitude written down in this setup is 

Jf) = (J^e-MWi+fc+fc+^+fc)^.) JJ e -¥ e i(-*i-^+*3+04+0 B )( 2/ .). 
i=i i=i 
. e ^i+<M( Zl ) . e i( -^ 1+ ^ 3) (z 2 ) • e-^^+^^s)- 

{«3> {«4} {^5} 

• J] e^e-^dX 3 (r a ) J] e^e^dX^r a ) J] e^e^dX^)). (5.1) 

a a a 

This correlation function can be treated in quite the same way as the other ones con- 
sidered above, however, there is a small subtlety concerning the gauge condition. Choosing 
the gauge 

3ff-3 g-l 
a=l i=l 

the result of the amplitude, following the same steps as before, is given by 

3<?-3 

*f=/ (III^WI 2 \ J T<Z*)\%nt. (5.3) 
^ tl J 



However, choosing for example 



3<?-3 g-l 

J2 r * = J2y*~ zi + Z3 + 2A ' ( 5 - 4 ) 

a=l i=l 
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the spin structure sum gives a vanishing result, implying that the correlation function is 
zero. Therefore, the topological expression ()5.3|) has to vanish as well, which can indeed 
be shown as follows. In order to soak all the zero modes of the 3rd plane, the G~ of (J5.3)) 
have to be distributed in the following way among T 2 and K3 

„ g-l 3g-3 „ 

= / (\U G tM I] GJM\ 2 / \J T ^)\ 2 ) mt . (5.5) 

JM 9 a=l a=g J 

Using the OPE relations (j2.1J) . one can express one of the G^ 3 's as the contour integral 
— § ^K3^K3- Deforming the contour, the only possible operators that can be encircled 
are G] <3 yielding however zero residue. This entails 

Tf = 0, (5.6) 

consistently with the alternative vanishing through the different gauge choice (jf>.4j) . 

5.2 Amplitudes at Genus g + 1 

As explained already before, instead of altering the number of graviphotons taking part 
in the scattering process it is equivalent to change the genus of the world-sheet. In other 
words, the same vertex insertions as in Section H] are considered, with the only difference, 
that an additional handle is attached to the surface. Of course, the kinematics of all fields 
involved has to be altered, as well: 



insertion 


number 


position 


01 


02 


03 


04 


05 


graviscalars 


1 


Zl 





+1 


+1 










1 


Z2 





-1 


+1 








gravitons 


1 


Z3 


+1 


+1 













1 


Zi 


-1 


-1 











graviphoton 


9-1 


x% 


+\ 


+1 


+1 


+\ 


+1 




9-1 


Vi 


1 

2 


1 

2 


+\ 


+\ 


+ 2- 


PCO 


9 + 1 


M 








-1 










9-1 













-1 







9-1 
















-1 



The two additional PCO are present because of the integration over the super-moduli of 
the new surface, and are used to balance the 03 charge from the vertex insertions. Then, 
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the amplitude can be written as 

3-1 3-1 

JT(3) = ( JJe"2 e5 (01+02+03+04+05) ( X J JJ e -f e f (-01-02+03+04+05)^.). 

i=l i=l 

. e '(0 2 +03)( Zl ) . e l (-^ 2+ ^)(2 2 ) • e i( * 1+ * 2) (^ 3 ) • e^ 1 ^ 2 ^)- 

{s 3 } {^4} {s 5 } 

• J] e*e-^dX 3 (r a ) J] e^ e -^dX 4 (r a ) J] e^e^dX^)). (5.7) 

a a a 

Since this amplitude is a bit non-standard because the number of graviphotons is 2g — 2 
on a genus g + 1 surface, we give some details of the calculation below. By taking all the 
contractions we find 

ws) _ gf(| Ef=i(^ - yj + ^3 - gaQ Ef=i(^ - yQ + Z X - Z 2 + Z 3 - Z 4 ) 

9 " ^(i ego* + - eXti 1 ^ + 2A) n?ii ^a, r 6 ) nS 1 ^ 2 (r a ) ' 

Efi(^ + + * + - E? 3} r a ) Efi(^ + W) " E? 4} r a ) 



ni S3} £(r a , zi)£(r a , z 2 ) YYjZl E( Xi , z 4 )E(y h z 3 )E 2 (z 3 , z A )E(z u z 4 )E(z 2 , z 3 ) 
1 1 9-1 {^5} \ 9-1 

^8,-1 9 ^2( x i + Vi) ~ E(z 1 ,z 3 )E(z 2 ,z 4 )Y[(r(xi)a(yi)- 



2 

=1 a I i=l 

{S3} {«4} {s 5 } 3-1 

• J] E(r a , r b ) J] £(r a , r b ) J] £(r a , r b ) J] £(^, Xj )E{y h Vj )- 

a<b a<b a<b i<j 

3-1 i s 3} i s i} { s 5> 

• J] Sfc, ^fa, ^(y,, z 2 )E( yi , z 4 ) \{ dX 3 {r a ) J] <9X 4 (r a ) J] <9X 5 (r a ) 

j=l a a a 

In this case, the gauge condition takes the form 

^ 3-1 j 3-1 33-1 

2 ^2( x * ~Vi)+ z 3-Z4 = - ^{xi + Vi) - r " + 2A 

i=l i=l a=l 

33-1 3-1 

J2r a = J2 yi -z 3 + z 4 + 2A, (5.8) 

a=l i=l 

which results in a cancellation of the first ^-function in the numerator against the one 
in the denominator. After performing the spin structure sum and deploying bosonization 
identities, the result is given by (a is again an arbitrary position) 

^(3) (U { a S3} ^dX 3 (r a )^ 3 (a)} ■ (U { a S4} Mr a )dX 4 Mz 2 )} ■ (nj" } ^dX 5 (r a )^(z 2 )} 

(UaL-i Kr a )b(z 2 ))) 

■ detu^Xi, zi, z 3 )detUi(yi, z 2 , z 4 ). (5.9) 
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Using the expressions for the N = 4 superconformal algebra, this may also be written as 



{Y\ { a 9 - 1} G-{r a )Ua)J~ ~{z 2 )) 
(Ufi Kr a )h(z 2 ))) 



Ff ] — ^^rTTTTp-^ y ~ Z " ■ detUi(xi, z x , z 3 )detUi(yi, z 2 , z 4 ) (5.10) 



One immediately sees, that there are no poles or zeros if one of the r a approaches z 2 , 
which means, that the above expression is independent of z 2 . This entails, that one can 
transport the (3g — 1) G- and the J to the 3g Beltrami differentials. The integral 
over Xi,i/i, zi, z 2 , z 3 , z 4 can be performed without obstacles (including the right-moving 
sector) yielding a (det(Imr)) 2 which is needed to cancel the bosonic space-time part. The 
remaining internal part can then be written as (a complete antisymmetrization of the 
Beltrami differentials is understood): 

„ 39-1 

= / (in g ~(^) j k3 mm<*)\ 2 )**- (5- n ) 

J Mg+l Q=1 

This amplitude seems to be the 'minimal' topological amplitude, in the sense, that it 
contains the minimum number of insertions of additional SCFT-operators, while still being 
non-trivial and topological. As we will see in the next section, this amplitude comprises 
even more interesting and pleasant features. 



6 Duality Mapping 

After having established a number of topological amplitudes on the type IIA side at 
arbitrary loop order, the question is to which order they are mapped on the heterotic side 
if the appropriate duality mapping is applied. Indeed, we will find that most amplitudes, 
especially the 6d couplings of j2I| are mapped to higher loop orders, whose computation 
seems to be out of reach. 

For simplicity, we will consider in this chapter also for the 4d amplitudes the decom- 
pactification limit (T 2 — > C), so that the duality map stays in 6 dimensions. This strategy 
has the further advantage, that we do not have to deal with moduli insertions, but only 
with gravitons and graviphotons. According to [2H] the only relevant information in this 
case is the behavior of the 6d string coupling constant g s and the metric G^ U) which are 
given by 

^ = gL> (6-1) 



(G n V = %nS^- ( 6 - 2 ) 



(G HE T 

(7y. m ' 



For further convenience, we then compute the following building blocks of the amplitudes. 
First, every amplitude contains the corresponding integration measure 

VdetG IIA = (^ HET )-VdetG HET , 
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since the determinant of the metric in 6 dimensions behaves like the 6th power of G^ v . 
Furthermore, the behavior of powers of the Riemann tensor is given by 

| IIA V s ' | HET 

R\ = (gf ET ) e R 3 , 

| IIA y s ' | HET 

since the Riemann tensor scales in the same way as the metric and there are 8 (6) inverse 
metrics necessary to contract all indices of four (three) Riemann tensors. Similarly, the 
behavior of the graviphoton field strength reads: 

T\ = (gf ET ) 2 T 2 . 

| IIA v s ' | HET 

Using the above relations, the mapping of the amplitudes of the previous chapters on 
the heterotic side is given by: 



(0nA)2fl-2 j v /detG IIA ( J R 4 T 4 ^ 4 ) , = {gf ET ) 29 j V detG HET (i? 4 T 45, ~ 



|IIA v 'HET 

:(6d) 



This means, that the type II g-loop amplitude T g (which we studied in Section 0} 
is mapped to a (g + l)-loop amplitude on the heterotic side. 



^ A ) 2 ^ 2 / VdetG IIA (i2 4 T 2 f- 2 )| iiA = (gf ET ) 2 J VdetG^ \R A T 2 ^ 2 ) ^ 



This entails that the type II amplitude J-"g of Section 0] is mapped to a 2-loop 
amplitude on the heterotic side. 



( 5 iiA)2 S -2 j v /detG IIA ( J R 3 T 2 f- 2 ) | = / v / detG™T( J R 3 T 2 5- 2 



IIA J v ' HET 

(2) 



In other words, the trivially vanishing T g found in Section 15.11 get mapped to a 
1-loop computation in the heterotic theory. 



• (^ IA ) 29 / v / detG IIA ( J R 4 T 2 »- 2 )| nA = / V detG HET (R 4 T 2 ^ 2 ) ^ 

Finally, the of Section EH get mapped to 1-loop in the heterotic side. 

Since higher order corrections than 1-loop calculations do not seem feasible and the am- 
plitude with R 3 was already found to be trivially vanishing in the type IIA theory, we will 

(3) 

restrict ourselves to the heterotic computation of the Tg , which will be performed in the 
next section. 



7 Heterotic on T 6 

The aim of this section is - as advertised - to compute the heterotic dual jFg 3 ' HET - ) 
of the amplitude T g (|5.11|) . To this end the right-moving sector has also to be taken 
into account, which we have disregarded up to now because we considered it to behave 
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in the same way as the left moving one. 15 The computation on the type II side revealed, 
that the amplitude is topological for the left and right sectors separately. This entails, 
that there are various possibilities of how the left-moving computation can be completed 
by adding right-moving components. For concreteness, let us complete the amplitudes in 
such a way, that the scattering occurs between two gravitons and two graviscalars (from 
a 4-dimensional point of view). Still there are two different possibilities corresponding to 
type IIA and type IIB superstring theory. Since in 6 dimensions, type IIB is not dual to 
heterotic, in the following we will concentrate only on type IIA. 



7.1 Type IIA Setting 



field 


nr. 


pos. 


01 


02 


03 


04 


05 


01 


02 


03 


04 


05 


scalar 


1 


Zl 





+1 


+1 











+1 


-1 










1 


Z 2 





-1 


+1 











-1 


-1 








graviton 


1 


z 3 


+1 


+1 











+1 


+1 













1 


Z A 


-1 


-1 











-1 


-1 











graviph. 


9-1 




+1 


+ 2- 


+1 


+1 


+ 2- 


+1 


+ 2- 


1 

2 


1 

2 


1 

2 




9-1 


Vi 


1 

2 


1 

2 


+1 


+1 


+i 


1 

2 


1 

2 


1 

2 


1 

2 


1 

2 


PCO 


9+1 


{*3> 








-1 














+1 










9-1 


M 











-1 














+1 







9-1 


M 














-1 














+1 



In order to figure out the vertex combination for the heterotic side, especially the scalar 
insertions have to be precisely identified and the duality map has to be applied: 

• scalars and gravitons 

In terms of 0-ghost picture vertex operators of the type II theory, the scalar and 
graviton insertions read 

(dX 3 - ip 2 ^ 3 )(dX 3 - i V2 ^)e^ x \ Zl ), 
{OX 3 - tp 2 ^ 3 ){dX 3 - tp 2 ^ 3 )e lp * x \z 2 ), 
{dX 2 - ip^^dX 2 - i Pl ^ij 2 )e tnXl (z 3 ), 
(OX 2 - tp 2 ^ 1 )(BX 2 - ip 2 ^ x y^ x \z^. 

The following corresponding momenta and helicities can then be extracted: 
15 This is only up to sign changes of the internal theory because of the chiralitics in the type IIA theory. 
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1 

01 


1 

02 


1 

03 


01 


02 


03 


momentum 


1 1 " "J- 

helicity 





+ 


+ 





+ 




P2 


^3,3 







+ 









P2 


^3,3 


+ 


+ 





+ 


+ 





Pi 


h 2> 2 
















P2 


^1,1 



The last two vertices are self-dual gravitons of the 4d supergravity multiplet, which 
is still true after the duality map. The first two insertions are however moduli of the 
compact torus. Since the first part of these vertices without momenta reads dX 3 dX 3 , 
which corresponds to (1,1) form, it is clear that these graviscalars are the T 2 Kahler 
moduli. Upon Type IIA - Heterotic duality, they are mapped to the dilaton on the 
heterotic side The corresponding heterotic vertices therefore read 



field 


position 


mom. 


helicity 


vertex 


dilaton 


Z\ 


P2 










P2 




{dZ v - ip 2 i) 2 x u )dZ v e ip2 ^ 2 


graviton 


z 3 


Pi 


h 2 ,2 


(dX 2 - iprf V 2 )<9XV PlXl 






P2 




(dX 1 - ip 2 ^ 1 )dX 1 e i ^ 2 



RR graviphotons 



label 


number 


01 


02 


03 


04 


05 


01 


02 


03 


04 


05 


Xi 


9-1 


+ 


+ 


+ 


+ 


+ 


+ 


+ 








Vi 


9-1 






+ 


+ 


+ 













The relevant part of the graviphoton vertex operator in 4 dimensions is given by 



S a (a^) a b S b SS + Sa(cT^) a h S b SS 



In terms of the helicity combinations, the spin fields S a are given by 



S a 



e2 i 



-^>2-<t>z) 



C2 



K-^l+02-03) 



g| (-</>l-02+<fe) 
/ g-K^l+02+03) \ 



S a 



V 



C2 



K^l-02+03) 
1+^2-03) 



/ 



(7.1) 



(7.2) 



(7.3) 



One can now analyze the two different vertices entering in the setting of the table: 
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vertex 1: 

The matrix p^e^(cr^) a 6 has to read 



/ 1 \ 





\ / 



(7.4) 



The relevant (reduced) Lorentz generators are those which have a non- vanishing 
(1,4) entry, namely: 



(7.5) 





( 





-1\ 








( 










1 \ 


a 02 = - 
2 







1 


1 



•) 


a 03 = 


i 
2 










-1 


1 










v- 1 





0/ 








V- 1 












( 





1\ 








f° 








1 \ 




a l2 = - 
2 








-1 




a 13 = 


1 








1 







1 





J 


2 





1 









v- 1 





J 








V 1 





J 




We thus have the linear equation 




























/ 





1 \ 








aa 


+ ba 03 + ca 12 - 


h da 02 = 






























\ 












(7.6) 



(7.7) 



Solving for the coefficients (a, b, c, d), one finds: 



[(< 7 2 ° + i< T 3 °)+i(< T 21 + i< 7 ! » 



which, upon switching to the complex basis given in Ij2 .4j) - Ij2.fi j) . entails the two 
possibilities 



(Pa, cb) 



vertex 2: 

Here the matrix p IJ ,€ u (a tJ ' l ') a b has to read 



(Pl,C2) 
(P2,6l) 



/ \ 





\ 1 ) 



(7.9) 
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The relevant (reduced) Lorentz generators are the same as in the case above, 
but the determining equation ()7.7|) changes to: 



„J02 | 7 03 | ^12 i 7 02 

aa + ocr + ca + da 



( \ 





\ 1 ) 

Solving now for the coefficients (a, b, c, d) reveals 

= I[( (7 20_. (J 30 ) _ i((T 21_ i(7 31 

which upon the same complexifications as above entails 



(7.10) 



For concreteness we then choose the following momenta and helicities 

(Pi, 4) / V (Pa>ei) 



(7.12) 



Finally, under the R-symmetry SO (4) ~ SU(2)l x SU(2)r (from the 6d point of 
view which we are using here to determine the map from IIA to heterotic), the 
graviphotons transform in the (2, 2) representation. The specific vertices we have 
chosen correspond to graviphotons carrying charge (+1/2, —1/2) with respect to the 
Cartan generators of the two 5 , [/(2)'s. On the heterotic side, the R-symmetry group 
SO (A) acts on the tangent space of T 4 . Let us choose (real) coordinates Z a on T 4 
with a = 6, 7, 8, 9 normalized so that their two point functions 

(dZ"(z)dZP(w)) = -7^%, (7.13) 

[z — w) z 

then the above choice of graviphotons entails choosing a complex direction say X 4 = 
■^(Z 6 — iZ 7 ) (see also (|2.7)) ). The fermionic partner of X A (A takes now the values 

4, 4, 5, 5) will be denoted as before by ip A in the following. 

Plugging the momenta and helicities of (|7.12j) into the 0-ghost picture vertex operator 

V^> A = e B (dX A - ip ■ xi> A ) BX B e ip - z , (7. 14) 

the two different vertices appearing in the amplitude take the following form (see 
also HU) 

V A = (dX A - ip 2 tp 2 ip A )dX l e ip2 * 2 , (7.15) 
V A = (8X A - i Pl ip 1 i) A )BX 2 e ipiXl . (7. 16) 
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7.2 Contractions 

We summarize the relevant vertex operators on the heterotic side: 





= (dZ* - 


ip 2 ^)Bz^ x \ 




= {dZ v - 


iV^ 2 X v )dZ v e^ X \ 


V h ( P i) 


= {dX 2 - 


i Pl ^ 2 )dX 2 e ipiXl , 


v h {p 2 ) 


= (dX 1 - 


ip 2 i> 2 i> l )dX l e ip * x \ 




= (dX A 


- i Pl ^ A )dX 2 e ipiXl 




= (dX A 


- ip 2 i?i) A )dX x ^ x2 



The next question is which parts of the vertex operators have to be considered. This will 
be determined below for each type of vertex separately: 

• gravitons: since we are considering couplings of the Riemann tensor, there have to 
be two derivatives from every vertex, implying that each graviton has to contribute 
two momenta. Thus, only the following terms of the vertices do contribute to the 
amplitude 



v h { Pl ) = (dx 2 - \i Pl ^ 2 \ ) \Bx 2 \ + 



v h ( P2 ) = (dx 1 - 



i P2 i\) 2 ii x 



ox 1 



1 

1 + 



ip 2 X< 



graviphotons: Since the graviphoton vertex holds only one momentum, and ^'s can- 
not contract among themselves, it is clear that only the following terms can contribute 



Vf(p 2 ) 



dX J 



- i P2 %l) 2 %l) A 



Bx 2 




i^X 1 








dX 1 


(i + 


ip 2 X 2 



+ 
+ 



dilaton: Comparing with the computation on the type II side, it is obvious that there 
have to be 2 momenta for each vertex. Furthermore, it is necessary that the fermionic 
part contributes so that the spin structure sum gives a non- vanishing result: 



v v ( P2 ) = (dz» - 



ip 2 ip 2 X^ 



dZ n 



v ip ( P2 ) = (dz» - |gy] ) \Bz7\ (i + \ip 2 x 2 \ + ..) 



1 + 
1 + 



i P2 X< 



Furthermore, from the trace part only the following term leads to non-vanishing 
contractions 



V u 



(P2) = ( 



dX 2 



i P2 ip 2 %l) 1 



dX 1 



V v (p2) = (dX 



i P2 il) 2 il) 1 j 



dX 1 



1 + 
1 + 



ip 2 X< 



ip 2 X< 



+ 



...). 
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Note that if X 1 and X 1 are replaced by X 2 and X 2 , respectively, in the two scalar vertices 
above, the contribution of right movers is reduced to a total derivative (d(X 2 ) 2 and d(X 2 ) 2 ) 
which yields zero result. Thus, the above terms have been chosen in such a way that all 
contractions are apriori non- vanishing. 



7.3 Computation of the Space-Time Correlator 

Taking into account the momentum structure of the above vertices, one finds 

9-1 

a 9 = <y h (pi)v h (p2)v v (p2)v v fa) J[v F (j$) Hvf(^)) = 

i=l 3=1 

= (Pi) 4 fe) 4 II Pfpfiig + l)!) 2 ^i 3 ' HET) . (7.17) 
«,i=i 

The contractions of the above vertices lead to the following (rather formal) expression for 
the amplitude 16 

i r J2- 1 9+1 , 9+1 , 

• £ (^) 2 "-V F ¥ F «, ' (7.i8) 

where t = T\ + ir 2 is the Teichmiiller parameter of the world-sheet torus with q = e 2mT , 
and Pl, Pr are the left and right momenta of the r^ 6,22 ) compactification lattice. Possible 
additional constant prefactors were dropped since they are not relevant for our analysis. 
Note that X A 's being the same complex field (eg. ^(Z e — iZ 1 )) do not have any singular 
OPE among themselves and therefore they contribute only through their zero modes. In 
this expression, still the (normalized) correlator of the space-time fields X 1,2 has to be 
computed. To this end, the following generating functional can be introduced: 

G(X, r, f) = J2 m y 2 [-) (U d^X'BX^) / d 2 y,X 2 dX\y,). 

h=0 \ '' ^ 2 ' i=l J j=l J 

■ J d 2 w l X 2 BX 2 {w l ) J d 2 w 2 X 2 dX 2 (w 2 )} = 

00 

= ^A 2 ^(r,f) (7.19) 
h=i 

In jT3], this generating functional was calculated and shown to be 

(IS) 2 - ("f ) ' (7 - 20) 



16 Similar as in one can show that the contributions of even and odd spin structures are the same. 
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where 0i is the usual odd theta- function defined by 

ei(*,r) =^gK n -3) a e 2 * < (*-5)M). (7.21] 



It can be obtained from ()C.7j) by the choice (cui,^) = (— |, — §)• We recall here some 
properties satisfied by G g (r, r): 

ar + 6 of + 6. _ 2g , 
■gpG, = —G^. (7.22) 



With this space-time correlator, the final expression for the amplitude takes the form 



^3,„et, = ^ 1 |s+2Gj+i £ (J^W'S. (7.23) 



(PL,Pi?)er(6,22) 



8 Harmonicity Relation for Type II Compactified on 

8.1 Holomorphicity for Type II Compactified on CY3 

After having established different topological amplitudes in various configurations, we will 
now look for the analog of the harmonicity relation discussed in [2l]|22], that generalizes 
holomorphicity of N = 2 F-terms involving vector multiplets. Before plunging into the 
computation for the new N = 4 topological amplitudes on K3 x T 2 , we first review the 
known results for N = 2 compactifications on a Calabi-Yau threefold CY 3 and for N = A 
on K3. 

Type II theory compactified on a CY 3 exhibits N = 2 supersymmetry and the relevant 
multiplets are the 4d, N = 2 supergravity Weyl multiplet W^t and the (chiral) Yang-Mills 
multiplet V. The former contains as bosonic components the graviton and the graviphoton 
(see j2HH2i) 17 , 

W^ d) = + {Qlo^Q^R^ + fermions, (8. 1) 

while in a chiral basis, the later (which has a complex scalar and a vector-field as bosonic 
components) can be written as the following ultrashort superfield 

V = (j){x) + e L a^e R F^ + fermions. (8.2) 

Note that V depends only on half of the Grassmann coordinates, namely only the chiral 
ones 9 L , R but not on the anti-chiral ones Or. 

17 In our superfield expressions, numerical factors are dropped. 



37 



As shown in topological amplitudes at the g- loop level correspond to the coupling 



J (fx j d 2 6 L d 2 6 R F 9 (V)((W {4d) ) 2 ) 9 = j d 4 xR 2 T 29 - 2 F g ((f)(x)) + ... (8.3) 

where F g is captured by the partition function of the N = 2 topological string and the 
dots stand for additional terms arising from the superspace integral. The right hand side 
exhibits the fact, that F g depends only on the scalars of the Yang-Mills multiplets (j), but 
not on their complex conjugates 0. Naively, one therefore can write down the following 
holomorphicity equation 

djF g = 0. (8.4) 

However in [Hj, it was shown that this equation is spoiled by the so-called holomorphic 
anomaly, which stems from additional boundary contributions when taking the derivative 
in (|8.4jl . From the effective field theory point of view, the anomaly is due to the propagation 
of massless states in the loops [2|. 



8.2 6d N = 2 Harmonicity Equation 

Recalling the topological amplitudes of Section El for type II string theory compactified on 
K3, they correspond to the following N = 2 supersymmetric term of the six- dimensional 
effective action: 

J d 6 x j dX J d A Q\Tf d H^)(^ ai b W a2 fc W a3 b W a4 b4 e aia2a3a4 e felfe2fe3f)4 )5 + . . . (8.5) 

where the dots stand for possible additional terms needed for complete supersymmetriza- 
tion, following from integration over harmonic superspace (see discussion below and |3Uj). 
Here W a b is the 6d N = 2 Weyl multiplet already defined in (jSHJ) with the SU(2) L x SU(2) R 
indices fixed to i — l,j — 1 [22], and we included a (apriori arbitrary) function of the 6d 
N = 2 matter multiplet q 1 ^ with the following component expansion 

= a« + e\ x 3 R + ti& L + hx 3 R + e R x l L + (ei^e j R )F+ + (ei^%)F~ u + ..., (8.6) 

with the pair of indices (i, j) transforming under SU(2)l x SU(2) r and F + (F~) denoting 
the (anti)-self-dual part of the field strength. The scalars A iJ satisfy the hermiticity relation 

Kj = £ik£ji^ kl - (8.7) 

In passing from the 4d case discussed in the previous section to the 6d one it is necessary to 
introduce harmonic superspace in order to obtain a short version of the multiplet jM] ■ 
Moreover, one has to restore the R-symmetry indices and rewrite ()8.5|) in a covariant way. 
Since the R-symmetry group is 

SU(2) x SU(2), (8.8) 
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the harmonic coordinates should parameterize the coset manifold 

SU(2) L SU(2) R 

Wh w (8 - 9) 

The BPS character of the (covariantized) effective action term (|8.5|) should then restrict 
the moduli dependence of s, generalizing the holomorphicity equation (|8.4|) . Such 
an equation was found in Ref. [21] by covariantizing the corresponding string amplitudes 
(I3.22j) and ()3.34j) . This can be done by introducing two constant doublets u L and u R , 
under SU{2) L and SU{2) R respectively, satisfying \u L \ 2 = \u R \ 2 = 1, 

u L ' i = e ij uf = vt, (8.10) 



and similar for u R , and replace the Weyl superfields W a b = (W a b ) u in eq. (|8.5|l by 
(Wcfyiufuf. The moduli dependent coefficient !Fg is then promoted to a function of w L 
and u R , as well. The moduli Ajj couple to the string world sheet action as: 

S^S + J (l% 2 j G + j> + A? 2 y G+ j> 

+ A21 /g+^ + A?! j . (8.11) 



In the twisted theory G + , G + (and their right moving counterparts) are dimension one 
operators. By deforming the contours of G + and G + and using iV = 4 superconformal 
algebra, it was then shown [21] that JF^ 6d ^ satisfy the following equation modulo possible 
contact terms and contributions from the boundaries of the world-sheet moduli space: 

° -rf d) = 0, (8.12) 



dufDXv" 9 

for fixed j, which by the hermiticity relation satisfied by A can also be written as: 

d D 



<)»'; nx,.f ■" 



= 0. (8.13) 



Note that since the index j is free there are actually two equations which transform as 
a doublet of SU(2)r (there is actually another doublet of equation transfoming under 
SU{2)l obtained by exchanging ul and ur). It turned out however, as realized in [2*7j . 
that besides boundary anomalous contributions, there are contact terms that spoil each of 
the two equations for given j, and only a certain linear combination of the two which is 
SU (2) invariant is free from both boundary and contact terms. The correct equation was 
found to be: 



E 



;^—:F,;"- 0. (8.14) 



39 



There is also another equation obtained by exchanging ul and ur. 



£ "^5^"' = °- (8 - 15) 

9 Harmonicity Relation for Type II Compactified on 1^3 x T 2 
9.1 Supergravity Considerations 

After having reviewed in the previous section the known computations and results, we now 
turn to our main objective, which is to establish a similar equation to (j8.12j) or ()8.14j) for 
the compactification on K3 x T 2 . The vector multiplets in the resulting 4-dimensional 
N = 4 theory are described by the field strength multiplet Y% where i, j transform in the 
fundamental representation of the R-symmetry group SU(4) and index A labels the vector 
multiplet (in the context of string theory A = 1, .., 22). Y% is antisymmetric and therefore 
transforms in the antisymmetric 6-dimensional representation of SU(4) and satisfies the 
reality condition 

Y ij = l e m Ykl ^ Y UA = Y% 1 . (9.1) 

As in the 6d N = 2 case discussed before, one has to introduce harmonic superspace 
variables in order to shorten in particular the Y^ multiplet. In this case, the harmonic 
coordinates should parametrize generically the coset manifold [32J: 



£ = S JM (92) 

H ~ U{1) x 27(1) x £7(1)' 1 J 

Here we have chosen H to be the maximal abelian subgroup of G as in JST]. Hence, we 
have a set of four harmonic coordinates u\ , I = 1, .., 4 (together with their conjugates u\), 
each transforming as a 4 (and (4)) of ££7(4) , which differ by their charges with respect to 
the three £7(1) 's: 

1 _ (1,0,1) 2 _ (-1,0,1) 3 _ (0,1,-1) 4 _ (0,-1,-1) / n q n 

They satisfy the conditions 

u{u{ = 8l u\ui = 5j, ^\.< = 1, (9.4) 

where an implicit summation over repeated indices is understood. The derivatives Dj 
which preserve this condition are given by 

fl i=4""'4 ^ fl! = (9 ' 5) 

1 i 

These derivatives satisfy an 5£7(4) algebra. The diagonal ones, namely for I = J, modulo 
the trace are just the charge operators of the subgroup H . The remaining generators for 
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I < J and their conjugates for / > J define the subalgebras L + and L~ (corresponding to 
positive and negative roots respectively) in the Cartan decomposition of G = H + L + + 
L~. The highest weight in a given irreducible representation is defined by the condition 
(called H-analyticity condition) that it is annihilated by L + . One must further impose 
G-analyticity condition which ensures that the superfield depends only on half of the 
Grassman variables and hence gives a short multiplet. The details can be found in [3T] . 
The resulting superfield is 18 

= u\u)$i + e^e,F + ^ A + e l a^e 2 F.^ A + ... (9.6) 

where 81 and 8 1 are harmonic projected Grassman coordinates 9j = u\9i and 6 1 = uj6\ 
F±,llv are self-dual and anti-selfdual parts of the gauge field strength and dots refer to 
terms involving fermions and derivatives of bosonic fields. By choosing different Cartan 
decompositions (i.e. different choices of positive roots) we can get different superfields Y IJ 
but here we will focus on (IJ) = (12). 

In the present case, we also have the gravitational multiplet which comes with gravipho- 
tons that transform in the 6-dimensional representation of SU(4). Unfortunately the short- 
ening of the gravitational multiplet using harmonic variables is not known at present. How- 
ever, as we will see below, we will be able to reproduce the string amplitudes constructed 
in this paper by postulating the superfield 

Kf v = a) inn,,,, + (0 3 ^ 4 )itw + V^r fe ^ b $ + + . . . , 

Kll = uiu{e m T^ u + (Pa^O 2 )^ ,, upr + e a 3 9l(a, v fd a& d b ^ + ... (9.7) 

where T±„ u are the self-dual and anti-self-dual parts of the graviphoton field strengths. 
More generally there should be superfields K 1 ^ (and Kj£) obtained by different harmonic 
projections whose lowest component will be given by u I i UjT+ fll/ (and ujujT^^ u ) but here 
we will focus on the effective action terms involving the fields with (IJ) = (12), in a way 
similar to the 6d case |21j . In the absence of a rigorous N = 4 supergravity construction, 
eq. ()9.7j) should be thought of as a convenient way of summarizing the results of string 
amplitudes constructed in this paper. Actually, the above expressions can be obtained 
by taking two supercovariant derivatives of the 4d N = 4 Weyl multiplet W^ =4: [2Ti] : 
K I l l~V I a l , v V J W N=A B 1 n<lKli^e IJMN K llvMN . 

Using these superfields we can write down the following couplings: 

Si = J d*x j d%J d%J tfe 1 J dW ^\K 12 K^ l2 Y(k l2 K^ 12 ), (9.8) 
S 3 = J d A x J d%J d%J dW J d 2 6 2 Ff\K l2 K^ l2 y + \ (9.9) 

where JF^ 1 -* and depend on the vector multiplets and harmonic variables 19 . Whether 

18 We thank E. Sokatchev for showing us the precise form of the superfields Y and K. 

19 Here by a slight abuse of notation we are using the same symbols as the ones appearing in the 
topological string amplitudes, however we will see shortly the relation J 7 ^ and J 7 ^ appearing in the 
above equations to the corresponding quantities appearing in the string amplitudes. 
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such terms give rise to consistent supergravity couplings is not clear at present and needs 
to be understood. By performing now the integration over the Grassmann coordinates 9 l , 
one finds that the two expressions (J9.8)) and ()9.9j) give rise to the following effective action 
terms 

S 1 = J d^xT^ [R 2 + RlT 2 + g - 2 + («9<9$ + ) 2 (<9<9$_) 2 T^- 2 + (dd<S> + )(dd<S>_)R + R_Tl 9 - 2 ] + ... 
S 3 = J d^ 3) R 2 + (dd^ + ) 2 Tl 9 - 2 + ... (9.10) 

It follows that the two couplings in (j9.8|) and (|9.9|) correspond to the two classes of topolog- 
ical amplitudes Tg and J 7 ^ discussed in sections HI and El respectively. They reproduce 
in particular the corresponding amplitudes R+R^T^^ 2 at genus g and R 2 + (dd<$> + ) 2 T 2 + 9 - 2 
at genus g + 1 found above. 

In order to find the corresponding generalized harmonicity equation, we will follow the 
same procedure as before by going back to string theory and covariantize the respective 
string amplitudes under SU(4). As mentioned earlier there are several different projections 
labelled by (I J)- In order to pick out (IJ) = (12) we can choose the graviphoton field 
strength to be proportional to il\v?} times some self dual field strength. Due to 

the orthogonality relations ()9.4|) this will precisely pick out the lowest component of K X2 V 

and the resulting amplitudes will be given by and appearing in ()9.8|) and ()9.9|) 
respectively. On the other hand choosing such graviphoton field strength means that the 
vertex operators for the graviphoton field strengths in the string computations should be 
folded with UiU 3 2 ■ This will render the topological string amplitudes a dependence on the 
harmonic variables and it is those quantities that compute Tg and J 7 ^ appearing in 
()9.8|) and (|9.9|) . In the next section we will show, by going to the heterotic duals of these 
amplitudes, that J 7 ^ satisfies the equation: 

^A^f^f = o, (9.11) 

up to an anomaly boundary term, very much in analogy to the iV = 2 -F g 's. Here the 
derivatives D{ are defined as: 

d-^d^uMJL-JL (9 . 12) 

and we have relaxed the determinant condition and the related trace condition in eqs. ()9.4|) 
and ()9.5|) . This can always be done by introducing another variable say A and let u\ — > u\ A 
and u\ — > Uj/X. One can check that as a result [Dl, Dj] = 0. Note that acting on functions 
only of u\ and u l 2 , as will be the case in the following, only the second term on the right 
hand side of eq. ()9.12j) will be relevant. 

Equation (J9.11|) is S'f/(4) invariant analogous to the 'correct' equations ()8.14j) and ()8.15j) 
in the 6-dimensional case, which were singlets under the corresponding R-symmetry group 
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SU (2) i x SU(2)r. It turns out that there are stronger harmonicity equations with only one 
harmonic derivative (D\ or Df), that transform covariantly under SU(4) and are similar to 
the six dimensional ones discussed in the previous section. However, here, we will restrict 
ourselves to the weaker version (jD.llj) . 20 Moreover, by considering the decompactification 
limit in six dimensions, J-g is mapped to a 'semi-topological' quantity similar to J-g , 
that satisfies the same (6d) harmonicity equations as (j8.14j) and (j8.15j) . This supports 
the claim that all such equations (|8.14|) . (|8.15|) and (|9. llj) should be a consequence of 
the BPS character of these couplings generalizing the N = 2 holomorphicity to extended 
supersymmetries. 

9.2 Further Investigation 

The next logical step would be to test this relation using directly the TgS computed in 
Sections 0] and El for type II theory and by this procedure determine a possible harmonicity 
equation. However in doing so, one encounters several problems: 

• The topological expression cannot be used, because some of the operator insertions 
necessary for testing (j9.11j) are from the RR sector 21 , for which no representation 
in terms of the superconformal algebra exists. One could therefore try to check the 
equation only perturbatively in RR field insertions. 

• The corresponding correlation functions with additional RR insertions lead to rather 
difficult expressions which are hard to compute. 

For these reasons, we change our strategy and switch to the heterotic side. As we have 

(3) 

shown, the Tg can be computed upon duality mapping by a one-loop torus amplitude on 
the heterotic side, which is easy to obtain. In this way, the harmonicity relation can be 
tested and we can also verify whether it contains any anomalous terms. 

10 Harmonicity Relation for Heterotic on T 6 
10.1 Derivation of the Harmonicity Relation 

To discuss the harmonicity relation on the heterotic side we first need to express the 
^3,het) j n an SO (6) ~ SU(4) covariant way. In computing jFg 3 ' HET - ) we used a particular 
combination of graviphotons which was labeled say by G, with dX G appearing in the 
vertex being (dZ 6 — idZ 7 ) / 'y/2. Since Z 4 , Z 5 , Z 9 transform as vector of 5*0(6), this 
particular choice of the graviphoton is not 5*0(6) invariant. Using the fact that the vector 

20 We thank E. Sokatchev for pointing this out to us. The stronger version of the harmonicity equation 
will appear elsewhere 

21 Recall that in type II compactified on K3 x T 2 only SU(2) L x SU(2) R x 17(1) subgroup of the R- 
symmetry group SU(4) is manifest where U(l) is the rotation group acting on the tangent space of T 2 . 
In particular the full Si7(4) group mixes NS-NS and R-R sectors. Since ea . (|9 . 1 1 () is SU(A) invariant it 
involves deforming by both NS-NS and R-R moduli. 
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of 5*0(6) can be expressed as antisymmetric tensor product of two 377(4) fundamentals, 
we can define 

Xy = Z a (Ca a ) lv (10.1) 

where a a are the (4 x 4) part of the 5*0(6) gamma matrices acting on the chiral spinor (i.e. 
577 (4) fundamental representation 4) and C is the charge conjugation matrix such that 
{Ca a ) T = —Co a . It is easy to see that X^ are complex and satisfy the reality condition 
Xij = \e l i kl Xki. Furthermore we normalize them so that their 2-point function is 



(dX^dXuiw)) = - 2€ijkl . 2 . (10.2) 

(z — w) 2 



In real notation, this essentially means that X %: > = Z a + iZ@ for some a and j3 different 
from each other, where Z a are canonically normalized so that their kinetic term comes 
with the factor 1/2. As a result the zero mode part of the dXij is just given by 2ttP^ and 
the lattice part of the left-moving partition function is q^ p ^ where (P L ) 2 = |e ufci P^P^. 
As explained at the end of section 8, in order to pick K 12 v we must choose the gravipho- 

ton field strength to be proportional to ufu 3 ^ ■ This means that the graviphoton vertex 
must be folded with u\iJ}'- 

V F ( Ul ,u 2 ) = ^ / ^zuluiidXi.-tp.x^BZ^iz^), (10.3) 

and define !Fg' nET \ui, U2) as in (J7.17j) with all the 2g — 2 Vp replaced by Vf (1x1,112)- An 
important point to notice is that the singular term in the OPE is 

(uluidX^z) uUdX^w)) = J U >2^2^M = Q (1Q 4) 

This implies that dX^ are replaced by their lattice momenta 27rP7 inside the correlation 
function. The final result can be read off from eq. ()7.23|) 

2 ' (pi,pfl)er( 6 . 22 ) 

The marginal deformations are given by the (1, 1) operators = —^-8X^1^, where 
J A are the right-moving currents for A = 1, ...,22 normalized so that the 2-point function 
satisfies 

(Ja(z)Jb(w)) = j^— 2 . (10.6) 

Let us denote by -D^a the covariant derivative with respect to moduli which corresponds 
to inserting the marginal operator V%^a m various correlation functions. It is easy to see 
that the resulting variation in the lattice momenta are given by 

Dij,APkl = e ijklPAi Dij,A^B = ^ABP{j ■ (1^.7) 
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This definition of the covariant derivative naturally follows from the insertion of the 
marginal operators as we will see below. However what this covariant derivative precisely 
means geometrically in N = 4 supergravity needs to be understood. 

The resulting variation in the topological amplitude J r g 3 ' RET \u, v) is given by 

e ijkl D kl , A T^( Ul ,u 2 ) = 2 I d ^^rl g+2 G g+1 £ ( Ul P L u 2 )- 



2 9 -3 



(p_Lpfl) gr (6,22) 

■ [(2g - 2)(uX - u{ui) + y (r - f)e^\P L ) kl ( Ml P%) ]P? q^ 2 q^\ 

(10.8) 

where {uiP L u 2 ) = u\u l 2 P kl . This equation can also be obtained directly by inserting the 
marginal operator Vij s u m the definition of J r g 3 ' HET \u, v) and using the following formula 
for the correlation function: 

2g-2 

((dX kl J A )(w,w)Y[( Ul dX(z a )u 2 )) = (2n)^P^( Ul P L u 2 ) 29 - 2 (10.9) 

a=l 

2g-2 

+ 2j2(d 2 Jog9 1 (w - ^))e fc/m n«(27r) 2 ^ 2 ( Ml P%) 2 ^ 3 Pi ? . 

a=l 

Now we integrate w in the second term by partial integration using the formula 
/ d 2 wd 2 w log6 1 (w-z a ) = [ d 2 w[d w (d w lo g e 1 (w - z a ) + 27r / m(w ~ Za) ) - -] 

J J r 2 r 2 



(10.10) 

where in the second equality we have used the fact that (d w \og8i(w — z a ) + 27rz Im ^~ 2 °^ ) 
is periodic on the torus. Using eqs. (jlO.lOj) and ()10.9j) we obtain eq. (jl0.8|) . 

Now we can apply the derivative operators Dj and D 2 defined in eq. ()9.12|) with the 
result 

p 2 [( Mi p%) 2 ^ 3 k^ 2 - m > j 2 )] = -2^i( Ml p%) 29 - 3 , 

P^i^PV) 29 " 3 ^-^)] = 2s(2s + l)( Ml P%) 29 - 3 , 

D^P^u^u,) 29 - 2 ] = -(2g-2)e^ l P k L l (u 1 P L u 2 ) 29 - 3 (uTP^), 

D]D 2 [e^Pt{ Ul P L u 2 ) 29 - 2 } = (2g-2)[8P 2 L (u 1 P L u 2 ) 29 - 3 + 

+ {2g ~ 3) ( Ml P%) 29 ~ 4 e^P^«P4)(P^)] 
= 2(2g-2)(2g + l)( Ul P L u 2 ) 29 ~ 3 (P L ) 2 , (10.11) 

where in the last equality we have used the relation 

= 2 (u x P L u 2 ) Pi (10.12) 
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which can be proven by comparing the coefficients of u™u 2 on both sides. Using eqs. 
(|lt).lll) in (fTTTSj) we obtain 

e« kl DlDp kl>A Tf^\u 1 ,u 2 ) = ti{2g-2){2g+l) f d 2 r^G g+r 



|-7? {^P Lu 2) 29 ~* P A q^ pL)2 q^ pR)2 . 



(pLpK) er (6,22) 



10.13) 



Note that apart from the factor G g +i, the total derivative with respect to r can also be 
understood from the requirement of world-sheet modular invariance. We can now carry 
out a partial integration with respect to r. Since the boundary term is modular invariant 
as follows from the second equation of (|7.22|) and in the infrared limit t 2 — > oo there is 
exponential suppression due to the presence of Pl (for g > 1) we conclude that boundary 
terms vanish. The only contribution therefore comes when the r-derivative acts on G g+ \. 
Using the second equation of ()7.22j) we get: 



2g-2 



e^ l DlD]D klA ^ HET \u u u 2 ) = -2n(2g-2)(2g+l) J d 2 r^G g r 2 2 

■ {u^u^PU^q^ 2 - (10-14) 

(pL 5 pii) g r(6,22) 

By using eq. ()10.8|) we can rewrite the right hand side of the above equation to obtain the 
following recursion relation: 

e ijkl DlD*D klA ^ nET \ Ul , u 2 ) = (2g - 2)(2g + l)u\uiD tjA ^ ET \u u u 2 ). (10.15) 

This equation is satisfied also for g = 1 but in a trivial way since by construction 
^-.(3,het) j oes no ^. d e p enc i on u anc i v _ \ s a result, the left hand side vanishes and similarly 
the right hand side is zero due to the presence of the (2g — 2) factor. However, there may 
be a non-trivial equation satisfied by J^( 3 ' UET ^ analogous to the ti equation in the N = 2 
case, but we will not attempt to analyze it here. 

The fact that the right hand side involves ^g 3 ' HET ^ with a lower value of g suggests 
that on the type II side there must be boundary contributions coming from degeneration 
limits of the Riemann surface, as in the holomorphicity equation ()8.4|) of the N = 2 F g s. 
It will be interesting to study the harmonicity condition in the type II side and check 
whether that relation is mapped to the heterotic relation proven above under the duality 
map in the appropriate weak coupling limit. However, as mentioned above, studying 
such relation in the type II side involves introducing RR moduli fields which complete 
the SO(6) representation of the K3 moduli. Even though turning on RR moduli in the 
Polyakov action is difficult, one may study this relation in the first order perturbation with 
respect to RR moduli. 
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10.2 Decompactification to T 4 and Connection to the Harmonic- 
ity Relation for Type II on K3 

Focusing on the heterotic 1-loop expression on T 6 

/»2 2g+2 
^X^G^f) ( Ul P L u 2 Y 9 - 2 q ^ 2 q^, (10.16) 

we want to study the behavior of the harmonicity equation ()10.15|) in the decompactification 
limit for one of the T 2 . If harmonicity equations are a consequence of supersymmetry, in 
this limit, it is expected that 1)8.14)1 and (|8.15J) are recovered. More precisely, by heterotic - 
type II duality studied in Section jFg 3,HET ^ is mapped to the T 2 decompactification limit 
of J 7 ^ . From its explicit form computed in Section 15.2) the resulting expression is not 
anymore topological on K3, since there are leftover det(Imr) factors from the non-compact 
space-time coordinates. Indeed, from eq. 1)5.10)1 ■ in the limit where the torus coordinate 
X 3 is non compact, the dX 3 from the left-moving sector and dX 3 from the right-movers 
give rise to contact terms (dX 3 dX 3 ) ~ w (Imr)~ 6 wj, where a, b = 1, ...,g + 1 where g + 1 
is the genus of the surface and u a are the normalized holomorphic Abelian differentials. 
This leads to: 

39-1 

(i n ^w^wp), (io.i7) 

a=g+2 

where a complete antisymmetrization of the Beltrami's is understood. Despite its non topo- 
logical nature, this quantity still satisfies the 6d harmonicity equations 1)8.14)1 and (J8.15)) . 
as we show below by considering the decompactification limit of the heterotic expression 

mm- 

In (110. 10)1 . P L are the lattice vectors of a T^ 6 ' 22 ). If we split T 6 into T 4 x T 2 , this lattice 
gets broken to 

r (6,22) ^ r (4,20)^ r (2,2) > (lalg) 

Let us further denote by P\ 3 and its complex conjugate P24 of r^ 6 ' 22 ) to be entirely in 
p(2,2) an( j remaining four P 12 , P 14 and their complex conjugates P 34 , P 23 to be in 
r (4,20)_ su ^ now splitg intQ SU{2) L x SU(2) R where SU(2) L acts on the indices (1,3) 
and SU(2)r on the indices (2,4), respectively. In the decompactification limit Pi 3 and 
P24 decouple, so the relevant part of the S*?7(4) harmonics u) can be assembled into the 
harmonics of SU (2) L x SU{2) R with the identification u\, u\ — > vf, v% and u l 2 , u\ — > v ?, 
where we have used dotted and undotted indices a, a = 1,2 to indicate that they are 
respectively SU(2)r and SU(2)l harmonics. In this notation, r^ 4 ' 20 -* lattice vectors are 
denoted by: 

PT ),L > P A M,R with a, & = 1, 2 (10.19) 
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and now the vector multiplet label A = 1, . . . , 20. Moreover 

/p(4,20),LN2 _ lp(4,20),Lp(4,20),L e a ia2e b 1 ;, 2 2 Q) 

The SU(2)l x SU{2) R harmonics satisfy: 

«i = e a %,6 = v£ = v 2a , v\ = e a \ h = v[= v 2 \ (10.21) 

as well as |t>i| 2 = \v 2 \ 2 = \v{\ 2 = (f^ 2 = 1, where |t>i| 2 = v®v\ etc. 

Expression ()1U.16|) in the decompactification limit of T 2 then goes into 22 



T ) ~/7^M £ (<P>f) 29 "?* PJ ?* P ». (10.22) 
2 ' (PL,P fl )er(4,20) 

Introducing the differential operator similar to (|9.12|) 

where we have used 

2 

E^ = <t (10-24) 



7=1 



Note that since jFg 3,HET ^ involves only i>° and f ?, .D* reduces essentially to the second term 
on the right hand side namely —-^s- Now we can apply the operator 



onto Tg 3 ' 11 ^, with the following result: 



ab nl -P W3.HET) 



. r J2 2g+2 
J '2 '/ 

£ [(2, - 1) - 2 7 rr 2 P 2 ]P« (t,?^)^ 3 g^V* 
(f , £,Pfl)er( 4 . 2 °) 

(2, - 2)e^f / ^ 2 rG 9+1 (r, f)^ 2 — £ P* («f^4)^ 3 



( J PL, J Pfl)er( 4 . 2 o) 



2 The I^ 2,2 ) contribution leads to a r 2 1 factor, together with the T 2 volume which is dropped. 
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~ (2g - Ve^tWvf^)^ ET) . (10.26) 

Note that the last expression is again an anomalous term coming from a lower genus 
contribution. Multiplying now by v •* and summing over a we see that the right hand side 
vanishes. This equation resembles exactly the harmonicity relation (|8.14|) of [21], without 
any anomaly. Moreover, by exchanging v\ with vi, one finds also a second equation which 
has precisely the same form as (j8.15|) . 



11 Conclusions 

In summary, we have studied N = A topological amplitudes in string theory. Unlike the 
N = 2 case of the topological Calabi-Yau a-model, the N = A topological partition function 
vanishes trivially and one has to consider multiple correlation functions. In the 'critical' 
case of K3 a-model, the definition is essentially unique and the number of additional 
vertex insertions increases with the genus g of the Riemann surface [21]. Furthermore, it 
computes a physical string amplitude in the 6d effective action with four gravitons and 
(4g — 4) graviphotons, of the type i? 4 T 4s ~ 4 . However, we found that contrary to the N = 2 
case, on the heterotic side these amplitudes are not simplified because they start receiving 
contributions at higher loops (g + 1). On the other hand, it turns out that on K3 x T 2 
one has a lot of freedom. In this work, we made a systematic study of possible definitions 
with the following properties: (1) they are 'economic', involving a minimum number of 
additional vertices; (2) they compute some (gravitational) couplings in the low energy 4d 
string effective action; (3) they have interesting heterotic duals that allow their study by 
explicit computations. 

Indeed, we found two such non-trivial definitions. The first uses two additional in- 
tegrated vertices of the U(l) currents of K3 and T 2 , Jk3 and J^a (in left and right 
movers separately) and computes the physical coupling of the 4d string effective action 
term R+R^T^^ 2 (and its supersymmetric completion), where the +/— indices refer to 
self- dual /ant i- self- dual parts of the corresponding field-strength. Unfortunately, on the 
heterotic side, they start receiving contributions at two loops. In the second definition, 
the T 2 integrated current J^z = ip3ip3 is replaced by just the fermionic coordinate ^3 of 
dimension zero in the topological theory. Taking into account the right-moving sector, 
this amounts to differentiation with respect to the T 2 Kahler modulus, which is needed 
for obtaining a non-vanishing result. It turns out that this is the 'minimal' definition that 
computes the physical coupling of the term i? 2 h ((i(i$ + ) 2 T^ 9 ~ 2 , with $ + a KK graviscalar 
corresponding to T 2 Kahler modulus. In the heterotic theory compactified on T 6 , $ + is 
mapped to the dilaton and this amplitude is mapped at one loop in the appropriate limit, 
and thus, it can be studied as the N = 2 F s 's. 

We also studied the dependence of the above couplings, that we call N = 4 !F g , on 
the compactification moduli which belong to 4d N = 4 supermultiplets. Being BPS-type, 
they satisfy a harmonicity equation upon introducing appropriate harmonic superspace 
variables, that generalizes holomorphicity of iV = 2 F 9 's and the harmonicity of the 6d case 
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found in j2U 123 EI] • We derived this equation on the heterotic side, where the full S77(4) 
R-symmetry is manifest, and we uncovered an anomaly due to boundary contributions, 



equation on the type II side, compute explicit examples of the minimal N = 4 T\ s and 
work out possible applications of the N = 4 topological amplitudes, such as in the entropy 
of N = 4 black holes. 

Harmonicity equation in the topological theory side is essentially a statement of de- 
coupling of the BRS exact states although in the N = 4 theory it appears in a more 
complicated way. In the untwisted theory this BRS operator is translated to certain space- 
time supersymmetry generators (this statement can be made precise at least in N = 2 
theories). Therefore decoupling of BRS exact states should imply that the corresponding 
terms in the effective action must be BPS operators. Therefore this equation must be a 
consequence of supersymmetry and the shortening of the multiplets. An interesting open 
question is to understand what this harmonicity equation precisely means in the context 
of N = 4 supergravity. 
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A Gamma Matrices and Lorentz Generators 

In any number of space-time dimensions, the Lorentz generators are defined as com- 
mutators of the T-matrices 



Upon choosing a suitable basis, the Lorentz generators can be brought into diagonal form, 
comprising the a^ u used in Sectional 



The superspace integrals in Section |3] involve traces over the 'reduced' a^, which are 
related to traces over the full using the following identities 




(A.l) 




(A.2) 



tr = tr a" u 



(A.3) 



tr (E^E^) = 2tr (a^a pa ) 



d. 



spin 



(A.4) 



4 
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with 23 

tT = diag(l,...,l), (A.6) 

and (i spin the spinor dimension, which in the case of 6 space-time dimensions is 8. 
For completeness we also list all the a^ u 
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B Generalized Self-Duality in 6 Dimensions 

The standard notion of (anti-) self-duality 

F — F, or F — -F, 



(B.l) 



23 Note, that the transition to Minkowski space is easily achieved by replacing S 0ai — ► iS 0At . 
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does not make sense in 6 dimensions. However, there is another possibility to generalize the 
notion of self-duality. Considering for example the vertex of a RR field in the (— l/2)-ghost 
picture fQ2| 



Vn 



(-1/2) 



(P»e) 



S a (an a b S b SS(z, z) + Sa(an\S b SS(z, z) 



self-dual 



anti-self-dual 



ip-Z . 



(B.2) 



the two terms corresponding by definition to self-dual or anti-self-dual terms of the field 
strength tensor. This entails that it is possible to project to (anti-) self-dual parts of a 
2-index antisymmetric tensor by just contracting with {a^ u )a ((a tJ,u ) a ' b ): 



f + : = 



\IV 1 



a 



/iv \ a 



(B.3) 
(B.4) 



Since the Lorentz-generators can be defined in any number of dimensions, it is clear, that 
this notion of self-duality applies also in 6 dimensions. Note however that although the 
4-dimensional (£7 M ") a and (o' flu ) a b project to linearly independent sub-spaces, this is no 
longer true in 6 dimensions. 



C Theta Functions and Riemann Identity 

C.l Theta Functions, Spin Structures and Prime Forms 

In this appendix, we basically review chapter 3 of [2H]. Consider a compact Riemann 
surface of genus g and choose a canonical basis of homology cycles a^, b{ according to 
Figure El 




Figure 3: A basis of homology cycles on a genus g compact Riemann surface E. 



Furthermore, there is a normalized basis of holomorphic 1-forms Ui, with i = 1, . . . g, whose 
integrals along the homology cycles read 




(C.l) 



where T<ij IS £L complex, symmetric g x g matrix which is called period matrix. 
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One can then associate 'coordinates' with points on the Riemann surface. For this, we 
choose a base point P and define for each point P the Jacobi map 24 

1 : P -> Zi(P) = [ Ui. (C.2) 
Jp 

In this respect, z is an element of the complex torus 

J(M g ) = C 9 /(Z 9 + rZ 9 ). (C.3) 
One can now define the Riemann theta function [2l] for z G J{M. g ) 

fl^ z r *j — ^ ^ ^iirniTijnj+2-KiniZi q 
neZa 

Shifting z by a vector of the lattice IP + tZ 9 , the Riemann theta function transforms as 

d(z + rn + m, r) = e -*™™-2™m^^ r ^ ^ c _ 5 ^ 

We also use the Riemann vanishing theorem: There exists a divisor class A of degree g — 1 
such that r) = if and only if there are g — 1 points pi, . . .p g _i on such that 

3-1 

z = A-^ Pi (C.6) 

8=1 

Furthermore, to every spin structure a, one can associate a theta function with character- 
istics (ai,a 2 ) e (\Z 9 /Z 9 ) defined by 

O (2, r) = e ^«i^i+2«m(^+a2) 1? ^ + TOi + Q2j r )_ (C.7) 

Besides ^-functions, the prime forms E(x,y) enter also in our computations. One can 
view the prime form as a generalization of the holomorphic function x — y on the Riemann 
sphere. The precise definition is 

E ^Sm < c - 8 > 

where h a is a holomorphic ^-differential and f a is given by 



y 



f a (x,y)=M w). (C9) 

One can show, that i£ is independent of a. Moreover, it is antisymmetric in x, y exchange 
and has a simple root at x = y: 

E(x,y) = -E(y,x), and lim E(x, y) = G(x - y). (C.10) 



24 In computations, for notational simplicity, we drop the distinction between the point on the Riemann 
surface and the corresponding Jacobi map. 
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C.2 Riemann Addition Theorem 

The sum over all different spin structures for the product of four -^-functions gives: 

s 

a + b + c + d\ J —a—b+c+d\J —a + b — c + d\J —a + b + c—d 



2 7 V 2 / V 2 7 V 2 



=T++++ =T — ++ =T-+-+ =T- ++ - 

(C.ll) 

where we omitted overall phase factors which are irrelevant for our computations. 

D The N = 4 Superconformal Algebra 

In this appendix, we review the N = 4 superconformal algebra and explain our notation. 
We examine both four and six dimensional compactifications, or equivalently operators on 
K3 and K3 x T 2 . We remind the reader however, that for the sake of simplicity of our 
calculations, we treat K3 only at its orbifold (free field) realization. 

D.l Superconformal Algebra for Compactifications on K3 

The starting point is the spin-field of the internal theory which after bosonization of the 
fermionic coordinates ipA — e lr ^ A , can be written with the help of two free 2d scalar fields 

S = e^ 4+ ^\ s ] e-^ i+ ^\ (D.l) 

According to [31] the current algebra (conformal dimension 1 operators) of the SCFT can 
be uncovered by considering OPE of the spin fields among themselves: 

S(z)S\w) ~ —3- + (z-w)h K3 + ..., (D.2) 

(z — W)i 

S(z)S(w)~MW+... : (D.3) 

&(z)&(w)~ Jk ^ W \ + .... (D.4) 
(z — w)i 

where the currents are given by 

JK3 = Mi + ^5^5, Jks = ^4^5, ^3 = ^4^5 (D.5) 

and satisfy an SU (2) current algebra 

J K3 J K3 ~ J K3, JkzJ K 2, ~ 2J K3' ^3^3 = ~ 2J K3 ■ ( D ' 6 ) 
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On the other hand, the N = 1 world-sheet supercurrent is given by 

T F , K3 = ^4<9X 4 + ^ 5 dX 5 + ^4<9X 4 + $ B dX B = G+3 + G K3 
where G^ 3 are the two (complex conjugate) supercurrents of the internal N = 2 SCFT: 



G+ 3 = fadX4 + lkdX S , 

G K3 = t/> 4 <9X 4 + 4> 5 dX 5 . 



(D.7) 
(D.8) 



Indeed, G^ 3 and the U(l) current Jk3 form an N = 2 superconformal algebra with the 
energy momentum tensor 

T B>K3 = 8X a 8Xa + OX 5 dX 5 + I(^ 4 ^ 4 + Vs^^s)- 



In order to generate the N = 4 superconformal algebra, one uses the 577(2) currents 
(jD.6|) acting into (jD.7|) and (jD.8|) to find two additional supercurrents: 



G K3 = -^58X4 + ^4<9X 5 , 



G 



A3 



^58X4 + 1/148X5. 



(D.9) 
(D.10) 



Note that the four supercurrents form two SU(2) doublets (G^g, G^ 3 ) and (G^- 3 , (j^ 3 ), 
while the superscripts denote ±1 unit of £7(1) charge. Schematically, one can move within 
one doublet with the help of the SU (2) currents J^ 3 



G 



A3 



G 



K3 



J 



K3 



l^^K3 



J 



A3 



G 



A3 



The OPE among the supercurrents read 

G 



'K3 



G 



A3 





JK3 T K3-\ 9J KZ 




< — 
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Z 2 Z 



G 



A3 



2 ^ 



■T- 



.dJi 



\ i 



G~K3 + 



JK3 I T K3 1: 

' ,2 -r 



\dJK3 



&K3 
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Summarizing, the full N = 4 superconformal algebra is given by the following OPE's: 



z z 



^3 WG^CO) ~ o, J£J(*)G$3(o) ~ o, 

^(^)^ 3 (o) ~ 0, 4M<% 3 (o) ~ 0, 

^3(^)^3(0) ~ 0, g- 3 (z)g+ 3 (o) ~ 0, 

^ fe(0) ^- ^(0)-^3(0) ; 

kjCsW'jraW ~ ~2 + 1 ' 

while for any operator O q K3 of Z/ (1) charge q, one has: 

WW) ~ 

D.2 Superconformal Algebra for Compactifications on x T z 



Following the procedure of the N = 4 case in 6 dimensions (|D.2|) - (|D.4|) . the starting point 
is given by the internal spin-fields. In the case of K3 x T 2 , the number of spin-fields is 
doubled 

51 = e f(fe+^4+^5) ; 5 t = e -f(^3+04+05) ; (D.ll) 

5 2 = e 5(*3-«4-*6) j 5 t = e -iW>3-04-</>5), ( D12 ) 



The conformal dimension 1 generators are again obtained according to 34 a by studying 
the OPE of the spin fields 

Sj(z)S\(w) ~ — +(z-^J"+..., (D.13) 
[z — W)* 

WjW~: + (D.14) 

(2 — u>) 4 
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5}(z)5j(«;)~-^H + ..., (D.15) 

[z — W)i 

which can be done in a straight-forward way with the result: 

Si(z)S\{w) = - ——3- - - (^3^3 + V>4$4 + VfcVfc) {Z ~ V))* + . . . 

[Z — W)4 1 

S 2 {z)Sl(w) = -5- - - (^3^3 - ^4^4 - ^5^5) (Z-V))* + ... 

(Z — W)i * 

Si(z)Sl(w) = (z- w)*ip±ip 5 + ... 
S 2 (z)Sl(w) = (z- w)±$$ h + ... 

3 

S 1 (z)S 1 (w) = ^4^5 -w)* + ... 

3 

S 2 (z)S 2 (w) = 1/J3lp4*p5(z -w)~* + ... 

S 1 (z)S 2 (w) = + . . . 

[Z — W)4 

^(^(ttf) = — ^-r + - . . 

[Z — W)4 

Upon taking suitable linear combinations of these expressions, one finds besides the SU(2) 
currents (|D.5J) . the following operators: 

J T 2=ll>3$3, (D.16) 

^ 12 = ^3, (D.17) 
^ 12t = $3, (D.18) 
^ n = ^ 22 = 0, (D.19) 

where Jy2 is an additional U(l) current J^a associated to T 2 . Thus, we now have an 
SU(2) x U(l) R-symmetry group. 

The construction of the dimension-3/2 supercurrents is not as simple as in the previous 
case, because we have first to decouple the U(l) from SU{2) x U(l). We start again 
with the N = 1 internal supercurrent energy momentum tensor for the case of 6 compact 
dimensions 

Tp = ij 3 dX 3 + ij 4 dX 4 + ij 5 dX 5 + *p 3 dX 3 + ij 4 dX 4 + ij 5 dX 5 . 

Instead of splitting its expression directly into two parts as above, we follow [33] and make 
the following ansatz 

rp p — e nz4>Z e nA<t>A e iq5<t>5 jK93,34,95) ^ 2Q) 

<?3,<?4,<?5 
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where only the following combinations of charges are allowed 
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o J 








I ±1 



It is now easy to see that 



(1,0,0) 
2 F 


= 9X 3 , 


^(-1,0,0) 
i F 


= dX 3 


m(0,1.0) 
1 F 


= <9X 4 , 


f>(0-l,0) 
J F 


= dX 4 


f,(0,0,l) 
F 


= 9X 5 , 


7^(0,0,-1) 
1 F 


= dX 5 



At this point, it is possible, to separate the U(l) part by setting 



G 



T 2 



tp 3 dX 3 



G 



T 2 



ip 3 dX 3 



J T 2lp 3 ^ 3 , 



(D.21) 



(D.22) 
(D.23) 
(D.24) 

(D.25) 
introduce 

(D.26) 



while the K3 operators are the same as before. For further convenience, we also 
the complex supercurrent of the N = 2 subalgebra 

G~ = G T 2 + G K3 = 4> 3 dX 3 + 4> 4 dX 4 + 4> 5 dX 5 , 

which is used in several computations in the text. 

E Amplitudes with NS-NS Graviphotons 

In this appendix, we present two possibilities for insertions of graviphotons from the 
NS sector in the type II amplitudes discussed in Section 0] For instance, the 6d helicity 
combination ()3.11|) for the R 4 gives rise to the following setup of left and right-moving 
components: 
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where the graviphotons at z\ and Z2 are Kaluza-Klein graviphotons and the graviton at z± 
(zs) a (anti-)self-dual graviton from the Weyl multiplet. 

Similarly, the helicity setup of (|3.12|) corresponds to the insertion of 4 KK graviphotons 
at the positions zf 
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In fact, one can show that these amplitudes lead also to the same result (14.2)1 . 
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